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FT-inversion: Convolution kernels

Corvolution problemsof the type (including generalizationgo
higherdimensions/ is thesizeof thedomain)

_ / Kz —2) g(a) d’

canbesolvedin principleby Fouriertransform.We define

fy =1 [ fw)dn, f@) =Y e ihyde, ez
L k

An FT of the cornvolution type integral equationyields a simple
algebraiaelationbetweertherespectre Fouriercoeficients

f(k) =L K(k) g(k)

We thereforehave a problemfor which an anlytic inversionfor-
mulaexists

A

_ eikx&
g(z) = zk: f((k)

Otherinversionproblemscanbe broughtinto the form of a con-

volution problemby meansof variabletransforms.Thesolarlimb
equations anexamplefor a kernelof thedivisiontype

jK%MWMf

Use z=¢¥, 2/ =¢¥, da’ =edy toobtain
Inb

/ K ey yj g(ey/)eyjl dy'

Ina K/ y y ) g/(y/)

Many otherinverseproblemshave analyticinversionformulas.
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FT-inversion: X-ray transform

We have notedthatthe X-ray transformis alsocloseto a convolu-
tion type problem—; we canalsoapproacht by FT

R

X-ray transform: f(w,eg):/ g(x + sey) ds
~R

Inserttheinverse3D Fouriertransformof g
E : k- 7T 3

into the X-ray transformfor fixedey
R

R
/ g(:n + 869) ds = Zf](k) / eik-(w+seg) ds ~ 2R Z ezkwg(k>
— k o

R J-R klep

2R e sinc(Rk - ey)

Thisis exactly of theform of a2D FT in theimageplane.

A

Hence f(k,ep) =2R g(k) for k in theplane_L ey.

VA

single view direction

with multiple view directions

I(Z

X 3D FT
on plane
1 €y

K

l(X

lllustration of the Fourier reconstructiorof the X-ray transform
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FT-inversion: The noiseproblem

The practicalusefulnef analyticinversionformulasis limited if
the datais contaminateavith noise

flz) = /K(:U —2') g(2") dx’ + e(z)

then A )

f(k) = L K(k) g(k) + (k)
Thenoiseis assumeof zeromeanmeanandcorrelationengthL..
Thenits Fouriercoeficientsé(k) arerandomcomplex numbersof
zeromeanandvariance(L./L?) [, e’dz independenof k aslong
ask < 2r/L..

For theapplicationof the analyticinversionformulathenoiseis a
desaster:

g(@) +g(x) = 3 e

k

K (k)

log power spectrum

wave number k wave number &

Power specta of data (f + €) (solid) andkernel K (dashed)efore
andaftertheinversion,i.e., divisionby K
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FT-inversion: Truncated spectrum

We have to limit the spectrumto wave numbersk e < kmax
wherek,,.. IS givenby theintersectiorof the noiselevel with the
kernelspectralpower whenboth, dataandkernelspectraarenor-
malizedto thesamevalueatk =0
K(©0)  f2(0)+&(0)
K (Kmax) €*(0)
Thesignal-to-noiseatio is heredefinedas

PO /I, f ey
=20 T @) [ dds

=1+ SNR

As anexample:imagedeblurringwith Gaussiarkernelin 1D

1, x . 1
K(z) ~ eXp—é(E)Q , K(k)~ eXP—§(kLK)2

5 2
In AK<O> = 1<kn1aXLK)2 — 27T2 <L_K> l?nax
K (kmax) 2 L

Imax 1S the maximumnumberof comple< Fourier coeficients of
thereconstruction.

then

— the numberof independentmage parameter®f the recon-
struction(factor2 becausehe Fouriercoeficientsarecomple)

L
2Uax ~ —+/In(1 4+ SNR)
L

where L./ Lx are the numberof independenimage parameters
which have beenmeasuredWith the knowledgeof the kernelwe
canenhancehenumberof independenimageparameterdepend-
ing on SNR.
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FT-inversion: Example with little noise
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Exampleof a reconstructionTheGaussiarkernelhasjusta width correspond-
ing to the distanceof the two peaksin the original signal. Noisevarianceis
0.00%, the spectruris truncatedat 3/4 kp, .
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FT-inversion: Example with more noise
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Exampleof a reconstructionTheGaussiarkernelhasjusta width correspond-
ing to the distanceof the two peaksin the original signal. Noisevarianceis
0.0%, the spectrunis truncatedat 2/3 k.
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SVD-inversion: The basics

We needa generalizatiorof FT for moregenerainverseproblems

/K:Ux d.r(:)

The basicideais to constructa symmetricmatrix from K which
hasacompleteorthogonaketof eigervectorsandrealeigervalues

0 [KJ\ (u; [ or Kuv; = \u,
KT 0 v; S v; KTui:)\ivi

Therearem vectorsof the v; which orthogonallyspanthe mod-
elspaceR™ andn vectorsof the u; which orthogonallyspanthe
dataspaceR” because

K'Kv; = )\v;,, KK"'u; = )\u,

— For everynonzero),; thereis alsoanegative one. Thereareat
MOSti,,eo=Min(n,m) pairsof nonzeroeigervaluest\;

— Theactionof K is completelydescribedy its singularvalue
decompositiorfto bereadasa dyad)

Z'nzero
K:Zui)\ivi, v, € R", u, € R"
1=1
wherev; andwu,; arenormalizedo unity andall \; choserpositve
andorderedsothat\; > Ay > ... ;> 0.

inzero

e ThedecompositionK — {v;, u;, A\;} i = 1, iy, CANbefound
numericallyfor i,,.,, < about1000.
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SVD-inversion: The nullspace

In mostcases, .., < bothm andn.

If 7000 < m NoOt all modelfeaturesare mappedinto dataspace.
Thereare nonequalmodelsg which cannotbe distinguishedby

the obsenrationoperationof K. The spacespannedy v; with A,

= 0is thenullspaceV (K) of the obsenationoperator

If iner0 < m the obsenationsdo not cover the total dataspace.
Thereareinconsistenwectorsf which canimpossiblybe the re-

sult of anobsenationthrough K. The spacespannedy u; with

A # 0listherangeR(K) of obserationoperator

As ageneralizednverseto K we define

inzero 1

KS_\}D = Z ’UZ)\—’U,Z

i=1 ¢

R(K)*
Nullspace /(K)

inconsistent f indistinguishable g
Q g(l)
W |
| G g®
/WZ 79

5 7 e K (R
1 ® g

DATA SPACE V1 !
@ 9 (3)

MODEL SPACE

Mappingof K andits generlizedinverse K, betweerdataandmodelspace
The“visible” partof modelspaces N (K)*, theorthogonalcomplemenof the
null spaceN (K)
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SVD-inversion: The noiseproblem

If noiseis addedthe dataf + € is almostcertainlyinconsistent.
We assumethe noisee to have zeromeanandvariances?.

K, ignoresthe part of the noisewhich falls out of the range
R(K). Yettheeigervaluescloseto zeroareproblematic:

g+9.=Kgp(f+e)=) v [<u;-if> ; <u;;e>

1=1

becauséu;-€) arerandomrealnumberswith zeromeanandvari-
anceo? (theu; arenormalized).

— We havethesameproblemasin Fourierinversion.Depending
onthenoiselevel, we haveto truncatehespectrunof K/, below
modei,, . 10 bedeterminedrom

)\1 N\/(U1'f)2—|—0'62
Mo

tmax

abs mode amplitude

mode number i 1 nzero mode number i

NormalizedSVDspecte of data(f +¢) (solid)andkernel K (dashed)
before andaftertheinversion,i.e., divisionby \;
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SVD-inversion: 2D tomography, model and data

Original model

O N BN NN
S XX A XN XN
[ [N X AT A AN NN
AL A AT TSN XN N NN

AT NS )]
AV N . G v

A\

AN ANNX NI T VINNTK S [ AT

Tomayraphygrid and modeldensity Thegrid is cylindrical with ¢ asazimuth
angleandp asdistance

data with 1 percent noise |
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Data grid andimage of original modelwith noise r denoteghe pixel numbey
6 theview direction.
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SVD-inversion: 2D tomography, the kernel

Tomography matrix K
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SVD-inversion: 2D tomography, the eigenfunctions

mode no 5

mode no 50 =
mode no192 ﬁ

Eigenfunctionw; of somemodesf the 2D tomayraphykernel

modeno 1

mode no 20

mode no100

InverseProblemdan SpacePhysicdl/12 May 2002



SVD-inversion: 2D tomography, reconstructions

A_;"m: 1.0E-20 192EV's accp )‘;\—= 2.8E-06

! OEVs rejc

186EVs accp
6EVsrejc

’%: 1.1E-04 182EV's accp ";\—= 4.2E-03 166EV's accp
1

10EVs rejc 1 26EVSs rejc

}\trunc_ -
~ - 4.0E-01

)%= 1.6E-01 104EVs accp
! 88EVs rejc

Reconstructionfor varioustruncationlevels \¢;unc /A1
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SVD-inversion: Generalizedinverses

For mostproblemsexactinversesk —! doesnot exist.
— Theconcepof matrixinverseseedso begeneralizedGen-
eralizednversesk g—e}l aredefinedthroughthefour Moore-Penrose

criteriafor generalizednverses

Insteadof beinga unit matrix, K} K and K K, areonly re-
guiredto besymmetric

(K lK)' = K_lK (modelresolutionkernel)

gen gen

(KK ) = KK} (dataresolutionmatrix)

gen gen

andthatthey actasunit matrix atleastin the“visible” modelsub-
spaceN (K)+ c R™ andtherangeR (K) C R" , respectiely,

KK, K=K
-1 -1 _ -1
K, KK, =K,

We find that K K1, satisfieghesecriteriahowever its truncated
version

itrunc 1
-1 .
Krsyp = Z vin Wi
i=1 L
WIth Zpune < Tnzero Satisfieonly thefirst two Moore-Penroserite-
ria, because

%trunc ttrunc

—1 § —1 §

=1 1=1

areprojectionoperatorsontoonly partof N(K)+ andR(K), re-
spectvely.
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BG or mollifier inversion: Moti vation

Assumewe have a continuousnodelandadiscretenumberof ob-
senations,.e.,g € Hilbert spaceand f € R”. For eachindividual
measurement=1,...,n we have

fi= [ Kia)gla) do

The problemis hoplesslyunderdeterminednda conventionalin-
verseof K (z) cannever beachieved.

— We only wantto obtainan estimateof g(x) which shouldbe
amoreor lesslocalizedaverage.Sincethe problemis linearthis
estimatemustbea linearcombinationof the data.For eachx find
coeficientsg(z) with

@) = > @) = [ 3 ala)Kia) gla') do

>4

"

modelresolutionkernel R(z,z')

Theresolutionkernel(compareto Moore-Penroseéefinition) here
Is a suitablelinearsuperpositiorof theindividual forwardkernels
K;.

Themodelresolutionkernel R(z, ') shouldsatisfy
e Localizationwithin width w

Ry(z,2") — 0 for |z—2'|>w
Ry(z,2") — 0(z — ')

w—0
e Normalization
/Rw(az,x') dr' =1
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BG or mollifier inversion: SVD and noise

Assumewe wereableto constructa SVD of thekernelfunctions

tnzero

= Z uAivi(z) , p<n
i=1

thenthe v;(x) spanN'(K)*+ completelyandthe resolutionkernel
R(z,z") hasarepresentatiom this basis.For simplicity we con-
structR(x, z') sothatit is diagonal:

inzero

= Z vi(x)rv;(a
1=1
thenthe equivalentinverseis
Inzero
K l\(z Z vi(z 'u,z- with K_! (7)K = R(z,2')

— notruncationasin TSVD but gentleroll-off dueto filter co-
efficientsr;.

If the obsenationsf; arecontaminatedvith noisee; thenthe esti-
mateg becomesffectedaswell:

inzero inzero

g(z) + 7.z Z% fz+ZQz

If the the noisehaszeromeanandvariances? the errorg, of the
estimatehaszeromeanandvariances? |q|*. — To confinethe
errordueto datanoisewe needasadditionalrequirement:

e Shortespossibleg

Inzero

Zqz —  minimum
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BG or mollifier inversion: Mollification

For eachz try to find coeficients¢;(x) sothat R, (z,z") comes
closeto a desiredmollifier function ,,(z, ') with width w, i.e.,
solve (usuallyby SVD)

Z qi(2)K;(2") = 6,(z, 2') + res(z’)

whereres(z') € N(K) is the partof the mollifier which falls into
the nullspaceof K. Tunewidth w sothattheerroro |g| doesnot
exceedgivenbounds.

Disadwantages:

e The above equationhasto be solved for every x at which an
estimatey is required. Note, however, thatthe above equationis
mucheasielto solve thanthe original problembecauséhereis no
noiseinvolved.

e The computationabverheadis large unlesssymmetriesof the
systemreducethe numberof resolutionkernels R, (z, z') to be
calculated.

Advantages:

e For every x we not only obtainan estimateg of the modelbut
alsoa resolutionkernel R,,(x, z") telling uswhich region g(z) is
representatie of. We alsoobtainanindividual errorestimater|q|
for eachg.

e Thereis no needto discretizethemodelspace

e TheresolutiorkernelsR,(z, z") canbeusedagain with different
dataif thekernelsK;(z') have notchanged
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BG or mollifier inversion: Gaussianmollifier
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BG or mollifier inversion: Box-shapemollifier
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BG or mollifier inversion
Noisecomparison

Theamountof noisein the estimateg(z) is o|q|. Here,o. is the
standardeviation of the noisein the data,and|q| is thelengthof
thekernelcoeficient vectorgivenbelow.

4 T T T T
boxshape mollifier
2L i
=
=
20 .
9
on
= Gaussian mollifier
2L 4
- | | | |
40 2 4 6 8 10

resolution kernel width

Lengthof g vs width w of the resolutionkernel for a Gaussian
andbox-shapeanollifier
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BG or mollifier inversion: Backus-Gilbert approach

We do not specifythe shapeof the resolutionkernelbut only try
to concentratets width arounda givenz by minimizing

/(:17 — ')’ R*(x,2') da’ = / r—1x) Z qi(x ? do
=) ailz)g;(x) / (z — 2')’Ki(2') Kj(2') dz = (q(2) - W (2)q())

1,7=1

This expressionhasto be minimizedalongwith o?|q(z)|* (noise
reduction)underthe normalizationconstraint

1= /R(aj,x’) dx’ = Zqz<x)/KZ<xl> dz = (q(z)-p)

Using Lagrangiammultipliers« and g, the coeficient vectorg(x)
Is determinedy

(q@-Wq) +ac’(q-q) + Bl(g-p) —1] —  minimum
for known matrix W andvectorp.
17 W+ a1 Tp)
which hasto be solved for every z. The parameteir senesto

balanceaesolutionvs noiseandstabilizetheinversionof then x n
matrix W + ao?1.

Theresultis W +ac?1] 'p

e TheresultingR(z, ') is well concentratedroundz but yetmay
not be well centeredon 2. Therefore,an additionalconstraintis
sometimesisedto obtainwell centeredesolutionkernels
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BG or mollifier inversion: Tomography

In tomograply the index ¢ standsfor pixel numberr and view
directiond. In 2D:

foo) = /K(rjg)(a:’)g(a:') de’, where z€eR*, reR
and K, g (z') is thebeamfrom pixel r into directioney

, 1 if 2" insidethebeam(r, 6)
Keole) = 0 else

Themollifier methodseeks
q(r,0) sothat R([L‘, ZE,) = Z q(r,

hence, for eachz find co-
efficients ¢, 4 (r) so that
theresultingsuperpositiorof
beamsapproaches ¢ func-
tionatz.

In filtered backprojectiortomograply the specialchoiceis
q(r.0) <:13) = wr—rg;K(rm,O) (33) wherer, SOthatK(rw’g) (:IZ) 75 0
This givesa symmetricresolutionkernel R(z, z') and

9(@) =Y Ko@) wer, firp)

NN _

~~

backproj  filter
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Conclusions: What is the problemwith
iInverseproblems?

Kernelfunctionsare“smooth”in the sensgRiemann-Lebesque)

/
/K(w,x'){COSkx}dx'—)O as k— oo

sin kz’

— f Insensitve to the shortwavelengthstructuren g
— solvingfor g is anill-posedproblem(Hamadard):
e g is eithernotunique(nullspaces)
e g changesliscontinuouslyith f (smalleigervaluesof K)

Whatis the solutionto the problemwith inverseproblems?
Replaceheorginal problemby a seriesof solvableproblems:

flx) = /Kv(a:,:c') g,(z')dz"  with %11)1% K (z,2") = K(z,2")

andset g = lin% g~. Exampledor theregularizationparameter:
y—

v = 1/kirune  In FT inverstion
= 1/itrune  In SVD inverstion
= width w in mollification
— « In Backus-Gilberinversion

In practicalcaseshowever, we have to stop at a finite v dueto
noise.Thekey problemsare:

e to find the optimumvalue~* of ~,

e to understanavhich featuresof g« will surviveif we could

lety — O
o Whichfeatureslir% g~ mighthave which g~ doesnot
have. "

e which contribution from A/ (K) hasto beaddedo g. .
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