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Image deblurring: The phase function
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Geometryfor the calculationof the point spreadfunction, � is
the plane of the aperture with a lensein front, � is the focal
planeat a distance� from the aperture. An object is assumed
infinitly awayin directionof �
	 and hasits geometricalimage
at ����
 in thefocalplane.

Electricalwavefield in focalplane � from a point sourceat ��� is� � ����������� ���� "!$#&%(' �%*)
+-, . ! %*/ � � � �0� . �2143 � � . �
Therearethreecontributionsto thefinal phaseof thefield on the
focalplane/ � � � �5� . ��� 6 .27 � .8 9;: <

init phase
in front of
lense

= >�?A@CBED�FGB �IH . �8 9;: <
phase change due
to lense

=  KJL� � = M # � . J8 9;: <
phasechangedueto pro-
gagationfrom plane N to
planeO

Making rigoroususeof theFraunhoferapproximation,QP H . P H �
and

>�?A@LBRD�FSB2T ? � # , 3 = H 3. � � �VU T ,  6 .
gives / � � � �0� . �W� ? � #  , � � � # � �VU � 7 � .
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Image deblurring: The point spread function

For acircularapertureareaX with radius Y wehave

. ! %*/ � �����0� . � 1 3 � � . �W� ! % ? � . ! #&%[Z\ � ��� # ���VU]� 7 � . 1 3 � � . �� )
+ Y 3-^`_ � Z]a\ JL� � # � �VU Jb�Z]a\ JL��� # ���VU
J ! % ? �
which is essentiallythe2D Fourier transformof theapertureareaX wherethewavenumberis JL��� # ���VU;Jdc , timesthewavenumber of theelectromagneticwave#fe final field is� � ���W�]���W� ���  VY 3, ^ _ � Zga\ JL��� # ���VU
Jb�Z]a\ JL� � # � �VU J ! % � ? � # h 3 # ' ���
#fe intensityin thefocal planei � ���j��� k) J � � ���������lJ 3 �

+ Y 3 k) � 3�8 9;: < m+ n  oY, p 3 ^ _ � Z]a\ JL��� # ���oU
Jb�Z]a\ JL� � # � �oU J 3q �
(powercollectedin aperturearea)

If insteadof a discretepoint sourceideally focussedat � �oU , we
havea distributedsourceof brightness,wefinally have to replaceq�� #je ir� � � �VU � 1 3 � �VU
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Image deblurring: The inverse problem

Point spread function in dif fraction l imit
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Crosssectionthroughthepointspreadfunction s(t�uwv4xysEz;{|sS}�x~uw}�xR�
anda Gaussians~t]u5�rv4x��*�;�W��sS}�u���xR� of similar shape(dashed).

Thefinal expressionisi � ���j�8 9;: < � � m+ n  oY, p 3 ^ _ � Z]a\ JL��� # ���oU
Jb�Z]a\ JL��� # ���oU
J 38 9;: < i ��� ���oUg�8 9;: < 1�3 ���VU
Data Kernel Model

� If we know
i �

we cancalculatewhat intensity
i

we would ob-
serve (Forwardproblem– straightforwardintegration).� Usuallywe observe

i
andwould like to know whattheoriginal

distribution
i �

lookslike(Inverseproblem– muchharderto solve).
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Image deblurring: A practical example

InverseProblemsin SpacePhysicsI/4 May 2002



Tomography: General ray paths

Tomography aimsto derive thedistribution of a parameterin the
interiorof adomain� from observationsof adiagnosticwavefield
on theboundary��� .

r0
�

r1�

Diagnosticraypath � throughdomain � from �l� to ��{
If, e.g.,therefractive index is known, theray path � from any � �
to � _ canbecalculatedandtheattenuatedintensityi _ � � � �0� _ ��� i�� !��4� ��� #�$��� ��� � { �S¡�¢¤£ � �f� 1 �o¥§¦¨
canbemeasured.Deducingthe local absorption£ � �f� from these
measurementsis an inverseproblem– a hardonedependingon
theraypaths� .
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Tomography: The X-ray transform

Choosethe diagnosticwave so that refractive index is close to
unity and £ moderate.So raysarestraightalongtheir initial di-
rection ©�ª � � «¬� � = ­ © ª J ­¯®Q°²±
Let

­
=
­ �

and
­ _ betheintersectionsof � with ��� , then³µ´·¶ i � # i _ � � � �0¸¹�i �8 9;: <2º � » {» � £ � � � = ­ ©�ª0� 1 ­ � ¢ ¼ ª � � � � £ � �f�8 9;: < 14½ �

data model
kernel: ¼ ª � � � ��� » {» � ¾ � � � = ­ © ª # �j� 1 ­

e

r0
¿

I (r0
¿ , )

Geometryof the X-ray transform.��� are the image pixel center, the
integration areas(rays) are grey-
shaded.� To investigatea 3D body, take a 2D manifold of positions � �

(image)with a 1D manifold of directions(the scandirections ¸
shouldcover ÀÂÁ�� +ÄÃ )� If the © ª all lie in a planethe 3D X-ray transformdecomposes
into asetof 2D transformswhichcanall besolvedindependently.
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Tomography: The Radon transform

We aremeasuringtheline emissionfrom anoptically thin plasma
cloudwith distribution function , �EÅ � from differentdirections© ª .
The intensity

i
at frequency Æ offset from the line centerby

> Æ
= Æ - Æ � is proportionalto the numberof particleswhich have a
velocitycomponentÇÈ� k > ÆAcÉÆ � in direction © ª .i � > Æ��5¸`�8 9;: < � Ê i 1 ÆË Ì�ÍÏÎgÐÒÑ�ÓgÔÖÕÕ � , �EÅ �8 9;: < 1�3 Å

data model

where
Ë

= Ê , 1 ½ Å (totalnumberof emittingparticles)and Ê i 1 Æ
is independentof direction © ª it is measuredin, k is thespeedof
light.

I( , ) e

0
¿

Geometryof theRadontransform.
Theintegration is overplanesnor-
mal to × Ð in velocityspace.

� Togetthefull 3Ddistributionmeasurea1Dmanifoldof Doppler-
shifts

> Æ (spectra)in a 2D manifoldof directions(thescandirec-
tions ¸ shouldcovera half sphere).� In 2D, theX-ray andtheRadontransformareactuallyindentical
exceptthat © ª is rotatedby + c ) .
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Radiative transfer: The transport equation

In many atmosphericproblemsthe radiance
irØ

at a frequency Æ
dependsonly on height Ù andpropagationangle ¸ .
Theradiance

i � ÙV�0¸¹� propagatingat anangle ¸ with respectto the
vertical ÚÛ is modifiedlocally by absorptionandthermalemissionÜÞÝ$ß ¸ 11 Ù i Ø¬� ÙV�5¸¹��� # £ Ø$� Ù¹� i Ø¬� Ùo�0¸¹�8 9;: < = à Ø8�9;:�< (noscattering)

absorption thermalemission

zá

zá =0
â

d
ã
z

d
ã
zá

cä oå sæ
I(ç z,è )é

Geometryfor the derivation
of the radiative transport
equation.

Anothercommonapproximationis local thermodynamicequilib-
rium à Ø � £ Ø � Ù¹�yê Ø �Ië¯� Ù¹�*� whereê Ø �Ië¯� Ù¹�*�W� )¬ì Æ ½k 3 m!��4� � ì Æ Éí ë¯� Ù¹� � # m
is Planck’s functionat thelocal temperature.
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Radiative transfer: Up/downward radiances

Theintegrationis simplifiedby introducingthefrequency depen-
dentopticaldepthî Ø � Ù¹��� �ï £ Ø � Ù¬ð¤� 1 Ù¬ð hence £ Ø 1 Ùñ� # 1 î Ø
Theopticalthicknesof theentireatmosphereis î Ø$� Ùò� ÁÖ� T îVóÒôGõØ

.

z

z=0

z=

= aö t÷ m

=0

I sø rù fú

I sø pû cü
upgoing
radiation

I sø rù fú

I=0

downgoing
radiation

Up/downward radianceboundaryvalues.

Integrationfor upwardpropagation( ÜÞÝ$ß ¸þý 0) givestheradiance
wemayobserve in spacei FGÿ��Ø � i F ���Ø ! # î ó ô õØ c ÜÞÝ$ß ¸ = ���	��
Õ� ê Ø �Ië¯� î Ø �*�-! # î Ø c Ü Ý�ß ¸ 1 î ØÜÞÝ�ß ¸
Integrationfor downgoingradiation( Ü Ý�ß ¸
� 0) yieldstheradiance
weobserveon thegroundwhenlookingupwardsi F ���Ø � ���	��
Õ� ê Ø �Ië¯� î Ø �*��! # � îVó ô õØ # î Ø �gcAJ ÜÞÝ$ß ¸ÄJ 1 î ØJ Ü Ý�ß ¸ÄJ
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Radiative transfer: Solar limb
darkening equation

Theradiancefrom theSunfor optical Æ dependson ¸ , or, equiva-
lently, on therelativedistance

� m # Ü Ý�ß 3 ¸ from theSun’scenterirØ � Ü Ý�ß ¸¹�8 9;: < � mÜÞÝ$ß ¸ �� ! # î Ø c Ü Ý�ß ¸8 9;: < ê Ø �Iëñ� î Ø �*�8 9;: < 1 î Ø
data kernel model

This equationcanbe usedto infer ê Ø �Iëñ� î Ø �*� , hence
ëñ� î Ø � from

measurmentof
i[Ø � ÜÞÝ$ß ¸`� .� limb darkening � increaseof

ë
with î Ø� Kernel!��4� # î Ø c ÜÞÝ�ß ¸ is smoothandsensitiveonlywhereit varies

with Ü Ý�ß ¸ , i.e., for î Ø�� 0.1 ����� 1.5(lowerchromosphere).

0� .� 5� 1� .� 0� 1� .� 5� 2� .� 0�0� .� 0�0� .� 20� .� 4�0� .� 6�0� .� 8�1� .� 0�

ke

� rne� l
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Kernel of the limb darkening equationfor } = # tj�%$'&)(+* = 0.1,
0.2,,-,., , 0.8, 0.9, 0.95. The solution of the inversion problem/ Õ s10 s�2 Õ x x is drawndashed.
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Radiative transfer: Solar limb
darkening observations

Observedlimb darkeningon theSun– thesolar disk.

Observedlimb darkening on the Sun– intensityvs. 3 = $'&)(+* for
differentwavelengthsfrom(Stix,1989).
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Radiative transfer: Molecular absorption

At GHz andTHz frequencieswe observe in zenithdirectionif we
assumeoptically thin conditions( î Ø�4 1) andneglectthegalactic
background i[Ø � �� ê Ø �Eëñ� Ù¹�y� £ Ø � Ù¹� 1 Ù
For a line at centerfrequency Æ6587 =

�:9 7 # 9 5$�gc ì for a transition
from state; e < of a moleculeX

£ Ø>= ;@? � 58�9;:�< Æ>A � Æ # Æ 587 �8 9;: < � m # ! #CBEDGFHBJIZLKEM8 9;: < �
densityof line shape inducedemission
X in state;� Thedensity; ? � 5 is relatedto theconcentrationk ?

; ? � 5²� ; óON � k ? P 5 ! # BEIZQKEMR �Eë �
with P 5 thedegeneracy of state; and

R �Ië � is thepartition func-
tion.� Thelineshapecollisiondominatedandwell modelledbyaLorentzian
line profile

A � Æ # Æ 5S7 �W� > ÆUT� Æ # Æ 5S7 � 3 = � > Æ T � 3
with width > Æ T � > Æ �@VV �
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Radiative transfer: Trace gas inversion

AW t
X
mY oZ s[ p\ h] e^ r_ ìca

t
X
e^ mp\ e^ rtX ub re^

-10
c
0
c

-8
d
0
c

-6e 0c -40
c

-20
c

0
c

T
f

(g Kh )i0
c20
c4
j
0
c6e 0
c8
d
0
c

H
ek igl htm (n km

)o
Kh e^ r_ np êlq
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c
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Typicaltemperatureprofileof theEarth’satmosphere, factor y I{z D and
line shapeof kernelat variousheights.

Insertionyieldstheinversionproblem

i Ø8�9;:�< � �� � 5S7 �Ië¯� Ù¹�*�8 9;: <
n V � Ù¹�V � p 3

| Æ # Æ}5S7> Æ � ~ 3 = n V � Ù¹�V � p 38 9;: < k ? � Ù¹�8 9;: < 1 Ù
data model1 kernel model2

wherethe
ë

dependenceis concentratedin��587 �Ië � = ê Ø IQD �Ië � 9 7 # 9 5 í ë ! # BJIZ K M # ! # BJDZ K MR �Ië ���� = CO3 or O arewell mixedsothat k ? = const#fe solve for ��587 �Ië¯� Ù¹�*� , i.e.
ëñ� Ù¹� .� If

ëñ� Ù � is known, solve for k ? � Ù¹� of moreexotic tracegases.
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Radiative transfer: Trace gas
inversion kernel

K� e� r� n� e� l�  h� e� i� g� h� t
�
 d� e� p� e� n� d� e� n� c� e�
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Heightdependenceof kernelfunctionswith increasingfrequencyoff-
set.
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H
�

e� i� g� h� t
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ke

� rne� l(� i)

  -k
e� rne� l(� i+

1)

  1¡
2�

3�
4

5�6�
7�

Height dependenceof differencebetweenneighbouringkernel func-
tions.� Combinationsof theinversionequationfor different Æ # Æ 587 may

givebetterkernels.
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Helioseismology: Fundamental properties

Weassumehydrostaticequilibrium¢ V � � £¥¤ � and
¢ 7 £ � #�¦Ö+¨§ ¤ �

wherein ournotationP = Ú� 7 £ is negative.

Thepropagationof wavesin theSunis controlledby threefurther
parameters

Acousticspeed: k 3» � © V �¤ �
Brunt-Vais̈alä frequency:

Ë 3 � J P J n �Jª«V �© V � # �Jª'¤ �¤ � p� J P J© n V �¤J¬ � p F _ �� H n V �¤E¬ � p
atmosphericscaleheight ­ � V �J P J®¤ � � k 3»© J P J

Variation of ¯ (solid) and °Q±:²8³ (dashed)with distancefromthecenterof
theSunfor ²8³µ´ ¶ ·:¸¹·Uº¼»�½¿¾ÁÀ (Christensen-Daalsgaard,1998).
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Helioseismology: Lagrangian perturbations

Theinversionequationisderivedfromavariaionalprinciplewhich
involvestheintegrationof perturbationsover thewholesolarvol-
ume.Â@Ã

it is advantageousto changefrom EulerianvariablesÄÄÆÅ�Ç È ÂÊÉË¥ÌÎÍÐÏ ÑÄÄJÅ Ë È Â Ë Ì Ò Ç and
ÄÄJÅ Í È Â>Ó ÍÔÌ Ò Ç

to Lagrangianvariables:ÕÖ È × ÓØÂ ÉÚÙ Ñ × Ì Ò Ö Ù Ï Û8ÜÝ�Ì × Ì Ò Ö Ù Ï Ì × Ñ>Ò Ö ÙßÞ Âáà × Ö Ùâäã Ë È Â ËHå × Ì Ò Ö Ù and
âäã Í È Â>Ó Í å × Ì Ò Ö Ù

OntheSun’ssurface:Í å =
â ã Í = 0

æØç å

ç èééSêêÖ × ç åÚë Å Ù èììÖ × ç å ë Å Ï í Å Ù
î î î Ç í Å Relation between Eulerian

and Lagrangian perturba-
tionsfor fixed

Å
:ç È ç å Ï Ö × ç å ë Å Ù

Çï× ç ë Å Ù È ðÖ × ç å ë Å Ù
è

The velocity perturbationson the Sun’s surface ðÖ can be ob-
served. Usually their FT areconsidered(for planeparallelgeom-
etry): Ö × ç å ë Å Ù È ñ ³Áòôó

Ö ñ ³Áòõó ×¿ö å Ùø÷úù	û
ñ ³ýü þ}ÿ�� ó ��� Ï Û���Û��
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Helioseismology: Short wavelength approximation

To qualitatively understandtheobservationswesimplify:è
planeparallelgeometry( � ÂGÃ ö )è
nogravity waves(g-modesareyetundetected)

For � 	�

� 1 theLagrangianmomentumequationyields����� ÕÖ Â Û ÜÝ í ����� Ö�� �
For an observed modewith horizontalwavenumber	�� and fre-
quency � fixed 	�
 ×«ö Ù Ü � � ÜÛ ÜÝ ×¿ö Ù

Â 	 Ü�
Since Û Ý increaseswith depthwe have reflectionbetweenthesur-
face ö = 0 andsomeö���� insidetheSun.

z=0
z

zrf l  for p mode
k

k

k (z)
zr� f� l  for g mode

Propagationpathsof an acousticwave(p-mode)in theSun.In
comparison,thepropagationof gravitywaves(g-mode)is dashed.è

In betweenthereflectionpoints,thewave musthave an integer
numberof nodes å
"!$# 	�
 ×«ö Ù Ä öÐÈ ×&% Ï ' ��� Ï ' å Ù�(
where' å ò ��� arephasecorrectionsattherespectivereflectionheight
(from observations: ' ��� Ï ' å � 1.45)
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Helioseismology: Short wavelength dispersion

With ) Ü � 0,wecanroughlyestimatehow Û Ý increaseswith depth
insidetheconvectionzone:É

Û ÜÝ
Ä Û ÜÝÄ ö È * É

Í å
Ä Í åÄ ö

Â ÉËHå Ä Ë åÄ ö,+
È * É

Í å
Ä Í åÄ ö

Â ÉÓ Í å
Ä Í åÄ ö-+ È × É Â ÉÓ Ù/. Ë åÍ å È × ÓØÂ ÉÚÙ0.Û ÜÝ

Insert Û ÜÝ ×«ö Ù into theequationfor 	 Ü
 ×«ö Ù	 Ü
 ×«ö Ù � � Ü× Ó¼Â ÉÚÙ . ö Â 	 Ü�
Insertionof 	�
 ×«ö Ù into nodenumberintegralgiveså
"!$# � Ü× Ó Â É Ù . ö Â 	 Ü� Ä ö È 	 �21 ö ���21 ( 3 È ×&% Ï ' ��� Ï ' å Ù�(
whereö���� = × �54�	 � Ù Ü 4 × Ó Â É Ù . . Thelastequationyieldstheobserv-
ablerelationbetweenthefrequency andhorizontalwavenumber� Ü È � Üñ ³Sò76 � 3

× Ó¼Â ÉÚÙ . ×&% Ï ' ��� Ï ' å Ù 	 �

Observeddispersionfor acousticmodesinsidetheSunwith l ´Ø²S³98;:
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Helioseismology: The variational principle

Introductionof the Fourier transformin the Lagrangianmomen-
tumequationgives � Üñ ³ ò76 Ö ñ ³Áò<6 È à ñ ³ × Ö ñ ³Áò76 Ù (1)

aneigenvalueproblemfor eigenvalues� Üñ ³ ò76 andeigenstates
Ö ñ ³�ò76 .

Since
à ñ ³ is hermitian,theeigenstatesspana Hilbert spacewith

normalizationå�2= ËÆå?> ÖA@ñ ³ ò7B ×«ö Ù Ò Ö ñ ³ ò76 ×«ö ÙDC Ä ö È â B ò<6FE ñ ³ ò76 (modeinertia)

(2)
hencetheaboveeigenvalueequation(1) canalsobewrittenas� Üñ ³ ò<6 E ñ ³ ò76 È å�G= Ë å > Ö @ñ ³ ò76 Ò à ñ ³ × Ö ñ ³ ò<6 Ù C Ä ö (3)

è
If the calculated� Üñ ³ ò76 do not agreewith the observed frequen-

cies,we have to vary ËÆå (andall otherparametersaccordingly)in
ourmodel:ËHå Ã ËÆå Ï â ËÆå causes Í å Ã Í å Ï â Í å ; . Ã . Ï â .à ñ ³ Ã à ñ ³ Ï â à ñ ³ ;

Ö ñ ³Áò76 Ã Ö ñ ³Áò<6 Ï â�Ö ñ ³�ò<6
andfinally � Üñ ³ ò76 Ã � Üñ ³ ò<6 Ï â × � Üñ ³ ò<6 Ù

Wemayvarytheeigenvalueequation(1) but thenweneedtheper-
turbationsof theeigenstatesaswell. A moreconvenientapproach
is to vary (3). The procedurethenis almostidentical to conven-
tional perturbationtheoryin quantummechanics.In any case,the
orthogonality(2) andthemodeinertia E ñ ³ ò76 remaininvariantun-
derthevariation.
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Helioseismology: The inversion problem

Thevariationof (3) yieldsâ × � Üñ ³ ò76 Ù E ñ ³ ò<6 È å�2= Ë å?> Ö @ñ ³ ò76 Ò â à ñ ³ × Ö ñ ³ ò76 Ù C Ä ö
Hencethevariationof theeigenvalueisobtainedfromthevariation
of theoperator

à ñ ³ with respectto theunperturbedeigenfunctions.
Theperturbedeigenfunctionsarenot required.

Next, relate the variation
â à ñ ³ to the appropriatevariation

â Ë å
(Fréchetderivative H I ñKJ

). We finally obtainafter renormaliza-
tion: â × � Üñ ³Sò76 Ù� Üñ ³ ò<6L MON P È å�2= I ñ ³ × ÖA@ñ ³ ò76 ë Ö ñ ³ ò<6 ÙL MON P â ËÆåË åLFMONFP Ä ö

data kernel model

KernelfunctionsQSR�T for an acousticmode²S³ ´ ¶ ·:¸¹·}º »�½¿¾K8U: with· = 10 andeigenfunctionorder V = 6. Thefirst subscriptparameter
is varied,thesecondfixed.Here, W = °�X± ¾9Y , Z\[^] ¯_XO¾F`7a�` and b ] He
abundance(Kosovichev, 1999).
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