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MHD equations — Summary

cVxB =4mj CVxE=—%—f, V-B=0

Aj=E+ EV x B , 1 electrical resistivity, 17! electrical conductivity

'06_1‘ +p(v-V)v = -Vp + %ij + external forces

Y +V-(ov)=0, p=Ff(po,T), energyequation

Basic assumptions:

e V <« c: system stationary on light travel time, no em waves
e high electrical conductivity: E determined by dB/dt, not by
charges o

cE~BmE~1L~V<<1 E Iasminorrole'ee/~E2
LT T BYcrFc s P ‘e, B

0E/0t EJT E °
/ ~ / ~=l oL <« 1, displacement current negligible
cVxB c¢B/L Bc c?

< 1

pre-Maxwell equations Galilei-covariant
same for heuristic Ohm’s law, valid for collisional plasma, j }f v

charge density o given by V-E = 41o
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1 1
Lorentz force —jxB =
clx 41

magnetic pressure, magnetic tension

opv; OP.
o0V _ _9Tik | external forces
ot 0X,
B? 1
Pik = pVivi + PO + 87{6 kK~ 47IB By

Reynolds stress, Maxwell’s stress

—(VxB)xB =

-V

B> 1

+

8t 47

(B-V)B

external forces: e.g. gravity pg, viscous friction ovViy

equation of state: perfect gas p = RpT

energy equation : T prescribed, adiabacy (2 + V-

Various simplifications:
v given ~ magnetokinematics
v = 0 ~ magnetohydrostatics

0/dt = 0 ~ stationarity

linearized equations ~ waves, stability

ot

v) P
pV

=0
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5. Magnetohydrokinematics

evolution of B under influence of given v

5.1 Induction equation

a—B=CVxE=—CV>< /1j—1V><B = —cVx A—CVxB——VxB
ot C 41
Ac®
= Vx(vxB)-Vx EVXB =Vx(vxB)-nVxVxB
C2
with n = YT const magnetic diffusivity

induction, diffusion
Vx(vxB)=-BV.v + (B-V)v - (v-V)B

expansion/contraction, shear/stretching, advection

1
C

|
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5.2 Free Decay

66—?= -nNVxVxB
B=(B,(y. t),0,0) 95 _ 9B, B,(0)=B,(L)=0
- X-y’ 7 ’ at_ _,Zayz 4 X - X -

2_2 2
. (LY n-mt _ L
Byly. 1) = En CpSin (T> exp <— . ) with 7 = F
decay modes, |, ~ L/n, 1, ~ I7/n ~ T/n°

decay of magnetic field in homogenous sphere

Earth Sun sunspots
L [cm] 10° 10" 10°
nlem?s™'1 10° 10" 10"

7 [y] 3-10* 10" 1
turbulent diffusion
N ~ Vily ~10°:10% = 10" cm®s™

Sun 7, ~ 30y
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5.3 Alfven theorem

IMPRS, 6/2002

B
ideal conductor n=0: 6_ = Vx(vxB)
ot ; MHD
magnetic flux through floating surface is constant : E/ B-dF =0 >- Sehmitt
F
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frozen-in field lines
iImpression that magnetic field follows flow

but E = -vxBand VxE = —-cdB/0t




v B B
: (“—I_I) ¢ (I“I_I)c'
T e
T
aa—f =Vx(vxB)=-BV-v + (B-V)v - (v-V)B

(i) star contraction
BunRLD~RBAB~ND!

Sun ~ white dwarf ~ neutron star
plgem™: 1~ 10° ~ 10"

(ii) stretching of flux tube:

/’-_Hi
ST

=IO\
(TN

8
052 0 - o=t

Bd? = const, /d* = const ~ B ~ |
(iii) shear, differential rotation:

0B,/0t = rsindVQ-B,

e [ N — )\
= =/

\
\ <

) )
N ,
\\\'»___,*/
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5.4 Walen equation

combine ideal induction equation and continuity equation

B
a (E) — B -Vv , integrated 5 = 2. Vor
dt \p 0 P Po

5.5 Magnetic Reynolds number

dimensionless variables: length L, velocity v,, time L /v,

08 _
ot

Vx(vxB)-R  VxVxB with R, = 3
as combined parameter

laboratorium: R,, < 1, cosmos: R, > 1
induction for R, > 1, diffusion for R, «< 1, e.g. for small L

flux expulsion from closed velocity fields
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6. MHD equilibria

6.1 Lorentz force

1 1

—fjxB =—(VxB)xB = —V8

C 41

magnetic pressure

B =(0,0,5(x)),

1

magnetic tension

B = (Bo,o, V;Bodt) 5

B

B? 1

-

1 [ dB?
—(—.0,0
87T<dX >

41—7T (0,0, vyBdt)

z
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6.2 Magnetohydrostatics

-Vp + 41—7T(V><B)xB (+0og) =0, V-B=0
p
lasma beta [ =
P B2 /8w

6.2.1 Plasma cylinder

(i) driven by constant current along cylinder

0 0
—=—=0, j,=const ~ B, =B,=0
%Z a952 B> 10 47
6 0 .
E <p + 8_7Z'> + 4_71'/’ =0 and 75 (I‘BQ) = ?/Z = const

2T . 2T . a°

By = ?/Zr inside, By = FIZT outside, p = p, -

(ii) driven by axial surface current only

2
By

Py = =— onsurface r = a
8T

By =0 inside, Bj, = g outside
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6.2.2 Force-free fields

(VxB)xB=0, VxB=uB, 0=V-uB=B-Vu

U constant along field lines

(i) 4 = const: cylindrical coordinates, cylind. and axial symmetry

0B 10
z = ,L[Be , 7Er89 = lUBZ Y BZ = BoJo(/lr) ’ BQ = BOJ‘I(Iur)

(ii) 4 # const: magnetic energy density F(r) = <Bg + 55) /8T

as generating function

dF 1 dF dF 1 dF
B = -4mr— , B =8m (F + -r— — F+or—
p wdr s 87T( +2rdr) ~ o S <0, +2rdr >0
| By 1
exercise : F = ~ By B, U

81T a2 + r2
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6.2.3 Magnetohydrostatics of a prominence

cool, dense clouds in solar corona along inversion lines

—Vp+41—7T(VxB)xB+pg=O, V.B=0, p=RpTl
0 0
B=(B,025,), =(0,0,-9), = =0, T =const
(Bx.0.B;). g=( 9) 3y " 3z
V.-B=0 ~ B, =const
op 1 _ 08B, 1 _ 0B,
RT— = ——B , 0=—2RB —
ox 4 % Ox ar *ox 1Y
0°B 0B°
2, 2772 with o' = EBX = const
ox® 2 0x g ,
B, = B’ tanh (1aB°°x) and p = 1 B
© 2 8MRT \ coshlaByx
ls\\\\\\\ //// /// '10 P
5 \\\\\\\ /////// P
“ \\\\\\ //// ///
3\\3\\\\ PSS s / \
9 \\\\\\ /////
1 \\\\ ////
N Y
4 3 2 a0 41 42 43 4 -2 -1 0 4 2

;
|
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6.2.4 Flux tubes

—V,O+l(VxB)><B—,OgeZ=O, V.-B=0

4m 3 A=o\| | (A=A,
=Rpl, — =0, B,=0
p=RpT . = y

0A 0A

B=VxA A= A B, = - — B, = —
5 *A (0.4.0). X 0z )
—X=%, dA=a—Adx+a—Adz=O, A = const. field lines
B, dz 0x 0z
op 1 _, 0A op 1 _, A

V-A— = — + —V°A— =
6x+47r ox 0 and 62+47I 6z+pg 0
(x,2) — (A, 2)

op 1 _5 op
— —VA=0 d — =0
(OA)Z+47I an (az)A+pg

2nd eq. hydrostatics along field lines

~ p(A,z>=po<A>exp{— [7r2 Z)dz}, oA, 2)

1st eq. Grad — Shafranov equation for A(x, z)

32
quite difficult, esp. because of boundaries, p + a7 = P,
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o, 1 (08 0B,
VA_Z 0A | 0z

+32_ 1/
P 8T 47

0z

0B,
0z

), % (

) dA + p(2)
A

0B
/( X) dA =0 atboundaries
A

thin flux tubes

..=0

everywhere

1

o8B,

47

(

0z

).
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6.2.5 Thin flux tubes

r=r(s), s arc-length
; _ or . ot .

- 9s’ ds

n .
Serret — Frenetfor 7=0: % = —Rt
142/%)3/2 .
ds=Vdx2+dz2 , R = ( z”) e,t=
2

p + 57 = p, lateral pressure balance

op,

0z

— pg = 0 external stratification

— A=R— _  b=1txA unitvectors, R curvature radius
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41
op . op
- 1) = O —_—— — O
e pg(e,-t) zm 5, ~ P9 2
. B z' B
—(0-pegle,; M +-—=0 ~ —(0-p)9+ =0

AR 1+ 2241
—(0-p,)g(e,-b) =0 tubeinplane L b for p # p,

I (z), T,(z) given
p(z), p.(z) from tangential component and external stratification

B?/8m from lateral pressure balance

" — d/dz(p, —
Z _g(,o pe): /d2(b, = P) from normal component

1422  p-p, Pe— P

2

X — z independent variable, z' = v dependent variable
_du dudz du 1du2 1d7%

1

V4

__—U_

“dx dzdu dz 2 z 24z
dz%/dz d ,
/92 _ 9 \og(p, — ), log(1 + 2?) = log(p, - p)
1+ 272 dz

7' = \/C(pe - p)—-1, z(x) by quadrature
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6.3 Magnetohydrodynamics of stellar winds

0 0

0

v(r) = (v, 0, vp),

répv, = const = /

~ r°B, = const = ®

5t =8¢ 80
Vi(iov)=0 ~
V.B=0

Vx(v xB)

B(r) = (B,,0, B,)

=0 ~ r(vyB,-v,By) =const =QD («)

1

po(v-Vv)=-Vp + —(VxB)xB - pge,

41

D
@-component ~ rv,——rB,=const=0D ()

(+) and (x+)

> 4m/°
A ,OCDZ

2
Vi

- B%/8m

:

41/
MiD - Qr*
with
Mz - 1

r

V4

2
) Alfven Mach number

M,<1 atSun, M, >1 atEarth

MA=1 at

2
Vg = rAQ

r=r, Alfvenradius ~10...20R

Mi—(f/f/l)2

©

er for r — oo

2
M, -1

~ D=r§Q

IMPRS, 6/2002

MHD
D. Schmitt

Title Page |

MHD equations — Summary |

Magnetohydrokinematics |

MHD equilibria |

MHD waves |

MHD stability |

Page 18 of 34 |

44

e N

Back

Full Screen |




B, Mz -1
— = rve <0 — 0 for r— oo
By  ME(r5 - r?)Q

angular momentum per unit mass at oo: er
radial wind under rigid guidance until r,

conservation of angular momentum ~ magnetic braking

(M + AM)R?Q = (MR? + AMr2)(Q - AQ)

AQ—AM r_ﬁ_1 or E—M r_ﬁ_1
Q M \R2 Q M\ R
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7. MHD waves

. . crep . - IMPRS, 6/2002
perturbation of a (static) equilibrium ~ instability, waves

instability: complicated configurations MHD
D. Schmitt

now waves: simple equilibrium, e.g. homogenous medium

Title Page |

7.1 Linearisation MHD oquatons - Summery |
B =Byt By(X.0), V= Vy(X.0), =Pt py(X.D). P = Pyt px,l)
index O: equilibrium, static, homogenous, satisfies MHD eqgs. MHDVtVb'tv :
B, = const, j, =0, v, =0, p, = const, p, = const Page20otds |

44 | >>

index 1: perturbations <« equilibrium

|
« [ ]
adiabatic perturbations p, = ¢2p, with ¢ = yp,/0, = const Back | [ Gise |

Full Screen |

Cc . adiabatic sound speed

0p; 0B,
W+p0V‘V1 =O; W=VX(V1XBO)
ov, 1



elimination of p,, p; and B, in favour of v,
o°v,
ot*
v, = B,/\/4mp, Alfvén velocity

linear, homogenous, constant coefficients, v, ~ exp[/(k-x — @t)]

= C2V(V-v ) + [Vx{Vx(v,xV )} ]xV,

@V = (C5+VE) (kv Kk+VaKk[(VaK)Vy— (Vv k= (Kvi)V ]

7.2 Alfven waves
ViL(Vy k) ~ @=Vpk==xvkcosO and V,@ =v,

transversal, dispersion free, magnetic tension

't 4 Y
- /\/\/\/
" B
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7.3 Compressional waves

kllvitvylk ~ ®/k=\/c5+V’

longitudinal, dispersion free, pressure and magnetic pressure

gradient

4y

}

K I IR

Y
| v
e ———————— ]
t tv
o —
e ————— ]
? 3
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7.4 Waves inclined to magnetic field

<(vy k)=06

dispersion relation vector equation ~ three scalar equations
vanishing secular determinant ~ three @° for each k

one solution is the Alfvén wave

the other two are the fast and slow magnetoacoustic waves

(v4cCOSs 9)2

V2 = 5 1/2
ph — Y 1 (2 2 1 2 2 2 2 2
5 (cs + VA> + 5 [(cs + VA> — 4c5v, cos 9]

pressure and magnetic restoring forces roughly in phase
~ fast waves

roughly out of phase ~ slow waves

displacements of three modes make a triad of orthogonal vectors

~ any disturbance superposition of Alfvén, fast and slow modes
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a v<v

Uy > max(vy, vy) ,

bl v,=v,

Us < MiN(Vy, V)
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8. MHD stability

8.1 Plasma cylinder with toroidal field outside

£at:

B:./8m < p, < B-,./8m po < B ../8m

right waist
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8.2 Plasma cylinder with homog. field outside
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8.3 Rayleigh-Taylor instability

IMPRS, 6/2002

MHD

| IVP B=0 R%*0 D. Schmitt
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L v

@ @ ® ®p m® ©
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MHD equations — Summary |
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8.4 Normal modes analysis
static equilibrium, small adiabatic perturbations
time-dependence of perturbations

formalism similar to waves, but equilibrium spatial-dependent
62v1
0
ot*

1

Lvy = V[(v{-V)py +VYPoV-v4] + E(VXBO)X[VX(W xBy)]
+41—7TV><V><(V1 xBo)xBy = (V-00V1)g

real, linear, homogenous, time — independent differential operator

1o, =Lv, with

v, =V, (X)expiot ~ —p@V,=LV,

®, = S(®) determines stability

®, < 0 ~ v, grows exponentially ~ instability
boundary conditions: v,-n =0,B-n=0,Exn =0

or infinite system with v, B4, ... — 0 for |[x| — oo
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operator L self-adjoint: [u-LvdV = [v-LudV

~~ eigenvalues c@)i real, no overstability
eigenfunctions v, orthogonal and complete

(@i, v ,) hormal modes

V@, > 0 « stability, oscillation or wave

Elwi < 0 & monotonous instability
[vyLv,dV

il [povidV

find v, which maximizes [v-Lv,dV

2

lower bound to @? : -® variational form

example: hydrodynamic Rayleigh-Taylor instability

— [ po@ v = k? po@)z—gu vy, eigenvalue equation
dz dz ‘

1
d 1 [(dvy,\?
_@? = /%gvfzdz {/,00 [k2 ( d;) + va] dz} incompressible

if do,/dz > 0 somewhere ~ ®° < 0 ~ instability
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compressible Rayleigh-Taylor instability

-1
dp,  p°g 1 (dvy,\*
—@? = / < SRR gvi,dz /,00 E: ( dzz) +v2 | dz

Schwarzschild’s convection criterium

magnetic Rayleigh-Taylor instability, incompressible
dp 1 (dvy,\?
2 o _ 2 2 1 2
—®° = /{Egv1Z — (k-By) [k2 ( dzz) + V1Z] } dz
-1
1 dV1z ° 2
{/'Oolkz(dz) + vy | dz
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8.5 Small displacements and energy integral

IMPRS, 6/2002

displacement & such that x = x, + &, v{(x) 65/6t|X0 = V4(Xxg)
0°v, 0°¢  0¢ 5 98
o 572 =Lvy ~ Po% = I—E v F =L¢ D. Schmitt

multiplication by 0¢& /0t and integration, L self-adjoint:

Title Page |

a 1 a a 6 a MHD equations — Summary |
/:00 ( f) dV /po_g _édv / g Lfdv = __/f Lfdv Magnetohydrokinematics |

6t2 ot 0 atz o1 MHD equilibri |
1 0 1

/po( f) dV=_/¢L§dV’ 6K=_6W MHD waves |

02‘ 2 PERTURBED MHD stability |

POSITION

Vé: SW >0 ~ stability et

ro, 44 | > |

3¢&: 6W <0 ~ instability S e

Back | Close |

EQUILIBRIUM
POSITION Full Screen |

£ S\
SWs0O
. W< 0

minimization of 6W with respect to all
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8.6 Energy method

SW = —%/é{v [prO + yp0V§] + 4jl—ﬂ_(V)(BO)X[VX(f><BO)]

+41—7TV><V><(§ xBy)x By — (V-pof)g}dV
a-Vi=V-(1a)-1AV-a, a-(Vxb) = -V-(axb) + b-(Vxa)

/V-adV = /a-dF
oW = 5 [{18:9py + YPOV-41V-¢ - - (VxBo) x(Vx (¢ x By)
+ AV X (ExBYF + (V-0¢)g}dV

5 [ {216:Vpo + YPoV-£1+ 511 xBo)x(Vx (¢ xBo)} o F

2nd and 4th term of volume integral positive definite ~ stabilizing
acoustic, Alfvéen and fast magnetoacoustic waves
1st, 3rd and 5th term: either positive or negative, if negative

potentially hydrodynamic and current-driven instabilities
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surface integral vanishes for rigid boundaries é = 0

surface integral on plasma-vacuum boundary:

2
1 53 BO vac
_— dF = —— e dF
2/ /("t") <p°+87z 87

+/ [Vx fxBO] av
vac 7T

stability determined by sign of n-V(. . .), independent of ¢

vac
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dF+ / 1ﬂ [V x (& xBg)]dV



concave confinement destabilizing, convex confinem. stabilizing

fluting instability

8.7 Stationary equilibrium

—0,@°¢ + 20iAE + BE =0
-@2/p0¢2dv + 2@/i§-A§dV + /¢.B¢dv =0

—@’a+2wb+c =0

/A Hermitian, B self-adjoint, integrals a, b, c real
stability if ¢ > 0 or b +ac >0

potentially overstability
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