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1 Introduction

The study of cool stars is an important topic in astrophysics. Stars are considered to be
cool stars with photospheric temperatures Tp, < 7000 K and spectral types later than A,
i.e. stars with an outer convection zone. Convection combined with high stellar rotation
leads to the appearance of a dynamo mechanism which converts the mechanical energy
of convective rotation and motion into magnetic energy. Sighns of stellar activity (for
example, spots or plages), as a result of magnetic dynamo, appear on the surface. The
activity level depends mainly on the rotation velocity: the faster a star rotates, the more
active it is. In the Hertzsprung-Russel Diagram, where the spectral class or the surface
temperature is given on the x-axis and the luminosity on the y-axis (Fig. 1.1), cool stars
occupy the right side (hatched region).

A typical example of a star from this class is our Sun. The Sun is a normal star
— a yellow dwarf — from the middle-lower part of the main sequence with the spectral
class G2 and the effective temperature 5777 K. Because of its rather close distance to the
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Figure 1.1: Herzsprung-Russel Diagram. The hatched section on the top right marks the
location of cool stars.
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Earth (approximately 1.5 x 108 km), it was the first star where activity on the surface was
observed. A first report about sunspots was published on 9th of March, 1611 by David
Febricius not long after the telescope had been brought into astronomy in 1609 by Galileo
Galilei.

Although observational techniques have evolved much since that time, the Sun is still
the only star where details of the topographic structure can be observed directly (except
a Ori= Betelgeuse, whose surface has been directly imaged with the Faint Object Cam-
era on the Hubble Space Telescope in March 1995). Even using the largest telescopes,
one cannot resolve the surface structure of other stars. It is only possible to observe the
surface-integrated radiation emitted from the visible stellar disk, e.g. the radiation flux.
However, it is known that the activity phenomena like those on the Sun also occur on
other stars.

The underlying mechanisms of activity phenomena in stars of different spectral classes
are of different origin. Single and well separated binary stars the cause of activity is stress-
ing of the magnetic field by convective motions. Members of close binary systems, such
as the RS Canum Venaticorum systems, have an additional mechanism — the interaction
of magnetic fields with the magnetospheres of the companion star. In pre-main sequence
stars magnetic fields can also interact with the accretion disk.

Obviously, investigations of physical processes on the Sun help in understanding of
structuring and evolution of stellar atmospheres. Many of the physical processes assumed
to occur on stars are known from the Sun. However, the study of only one star is not
enough if one wants to be able to predict how the magnetic activity of a star with a given
spectral type, temperature, mass, chemical composition and rotational period will evolve
in time until its end.
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2.1 Starspots: history, properties, comparison with sunspots

One of the visible signs of a magnetic field on a star is the presence of cool features (e.g.
spots) on its surface. First indirect observations of stellar spots were made by Hertzsprung
(1924) without knowing the origin of this phenomenon: a different brightness of the same
star was observed during one observing night. Hertzsprung supposed that it was an aster-
oid which fell down on the star and caused the change in brightness. Later, in 1950, the
International Astronomical Union (IAU) classified all stars with similar behaviour to the
new class of periodically variable pulsars. However, now we know that in this case we
are dealing with stars covered with spots similar to those observed on the Sun.

The existence of magnetic activity on the surface and in the atmosphere of several
types of stars is today generally accepted and has been investigated by several methods.
For example, measuring the chromospheric excess emission can indicate a presence of
magnetic activity Wilson (1978). Ca Il H and K emission and X-ray emission serve as
probes of the high chromospheric and coronal activity. The presence of cool spots on
the stellar surface is indicated by the periodic variation of the visible light during a star’s
rotation. To specify this activity on the rapidly rotating stars in more detail one can analyse
time-series of spectral line profiles Rice (1996). This method is called Doppler Imaging
and it will be described later in this chapter.

At present, we know 8 groups of stars which are believed to have spots of magnetic
origin on their surfaces (Berdyugina 2005). There are:

1. red dwarfs and BY Draconis stars (main sequence star of spectral type M or late K
with the mass range from 0.08M, to 0.5M();

2. solar-type stars (similar to the Sun in mass and evolutionary state stars on the lower
main-sequence with a spectral type from F7 to K2);

3. T Tauri stars (young, less than 10 million years, pre-main-sequence stars of about
IM@E);

4. FK Com stars (late-type giants of G to K spectral type with a very short rotational
periods of only a few days);

5. RC CV type stars (close detached binaries with a more massive primary component,
which is G-K spectral type giant and the secondary component, which is a G-M
spectral type subgiant or dwarf);
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6. W Uma stars (eclipsing binaries, which consist of two solar-type components sur-
rounded by a common envelope and have a periods of 5 — 20 h);

7. Algols (eclipsing binaries with a hot, main-sequence primary component of B-F
spectral class and a cool evolved, less massive secondary component, which is a G
or K subgiant).

Although stellar spots are believed to be similar to sunspots, there are two major
differences between them. First, all of the detected stellar spots have sizes much lager
then sunspots. First observations of photometric variability predicted stellarspots 100
times bigger than sunspots Hall (1972), Rodono et al. (1986). This can be a result of
a larger amount of magnetic flux on active stars or the low resolution of the detection
techniques: it is possible that a group of small spots is seen as one big spot.

The second difference between starspots and sunspots is the location on the stellar
disk. Usually starspots occupy higher latitudes then spots on the Sun. Stellar spots can be
present at different positions: both low and high latitudes or even polar caps Strassmeier
(1996), Piskunov (1990). This fact can be explained in two ways: first, the Coriolis force
which is stronger on more rapidly rotating stars can deflect spots towards the pole, or, a
possible meridional circulation can transport the magnetic flux and thus the starspots to
higher latitudes Schuessler and Solanki (1992). A very interesting and still open question
is whether these stellar spots show similarities to the solar spots.

The only way to check this is to observe different spotted stars during periods which
are much longer than the lifetime of their spots. How can one do this if it is possible to see
the structured disk only of one star - our Sun? For other stars, all that one can see is the
disk integrated radiation coming out from the outer layers (photosphere, chromosphere,
transition region and corona). Applying the Doppler Imaging technique, we can recon-
struct surface maps of some stars from sets of high resolution spectroscopic observations.

2.2 Basicsof theDoppler imaging technique for mapping
of stellar surfaces

Doppler Imaging is an inversion technique to reconstruct 2-dimensional (latitude and lon-
gitude) images from a time series of 1-dimensional (intensity) spectral line profiles, taken
at different rotational phases. This technique is based on the effect discovered by the
Austrian mathematician and physicist Christian Doppler in 1842.

In the non-relativistic limit one can find the absolute value of the Doppler shift, |A4o|,
for the wavelength A using the equation:

Akl _ v

A v

where Ay is the so called rest wavelength (e.g. the wavelength (or frequency) which the

source (star) emits when it has no radial velocity), v, is the velocity of the wave, for

example the speed of sound or the speed of light (in this case we will have v, = ¢, where

c is the speed of light) and v, < c is the radial velocity of the source with respect to the

receiver. The sign for the Doppler shift Ay depends on the direction the source’s radial
velocity v;.

@
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To
observer

Figure 2.1: A schematic presentation of a rotating star in spherical coordinates. The
rotation axis of the star lies in the y plane. The angular velocity is Q and i is the inclination
angle. Further details are given in the text.

The idea to use the Doppler effect for rapidly rotating stars to reconstruct their surface
maps (for example, the temperature distribution) first came to Deutsch (1957), Deutsch
(1958). The general method was mostly devised by Russian astronomers (Goncharskii
et al. (1977), Goncharskii et al. (1982); Rice et al. (1981)). The term Doppler Imag-
ing was introduced by Vogt and Penrod (1983b). Essential contribution to the investiga-
tion of the inverse problem and stellar surface reconstruction was done by Cameron and
Horne (1985), Rice et al. (1989), Collier Cameron et al. (1990), Jankov and Foing (1992),
Piskunov and Rice (1993), Kurster (1993) and Unruh and Collier Cameron (1995).

First of all a star is assumed to be spherical and rotate as a rigid body. Then, a spherical
coordinate system is chosen such, that the z-axis corresponds to the line of sight and is
directed to the observer (see Fig. 2.1). The rotation axis is prescribed to lie in the y-z
plane and forms an angle to the z-axis (inclination angle i). The star rotates with the
angular velocity 3. Then each point on the stellar surface has a linear velocity which is
equal to the vector product of the angular velocityﬁ) and the radius vector R:

v=0xR.

The Doppler shift results from the z component of the vector product, yQ, — xQ,. The

7
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coordinate system is chosen such that the x — zcomponent of Q vanishes. Then, Q, = 0
and Qy = Qsini. In this case the Doppler Shift is

Al =v=xQsini. (2.2)

This means, that all points on the stellar surface which have the same x coordinate have
the same Doppler shift.

Let us divide a stellar disk into 5 vertical stripes of the same area as shown on top
of Fig 2.2 (Mogt and Penrod 1983a). The radial velocity, v;, within a given strip has
approximately the same value. Now let the star rotate in anticlockwise direction. Then
the regions | and 11 are moving towards the observer with vi"'' > 0. The region 11l does
not move along the line of sight, such that v!!' = 0 (neglecting any motion of the star as
a whole relative to the observer). Finally, regions IV and V are receding with v\ < 0
from the observer. Thus the spectral line profiles from regions | and Il have a blue shift.
There will be no shift for the lines produced in the middle region I1l. A red shift can be
observed for the regions IV and V. The final spectral line profile which one gets from the
integration over all 5 regions on the disk will be broader then the line from a non rotating
object and will provide information about the rotation of the star (see left panels of Fig.
2.2).

Assume now that 50% of the middle region Il are covered by an absolutely black
spot (which means that this region emits zero flux). Then the region 111 produces a local
continuum which is 50% less compared with not spotted regions (see the right-hand side
of Fig. 2.2). The final integration of the absorption line profile over all regions results in
a bump in the central part. This line distortion looks like an emission peak, which is not
the case. It shows only that there are less photons originating from region 111 which can
be absorbed by the line.

The Doppler Imaging Technique is based on the fact that all points on the stellar
surface with the same radial velocity correspond to the same point in a spectral line profile.
This means that there is a relation between the position in the spectral line and the position
on the stellar disk. Obviously, the technique will work best if the line profile width is
dominated by rotational broadening.

Clearly, from one spectrum of a spotted star it is only possible to find the information
about the longitude of the cool feature on the stellar surface. In order to reconstruct the
latitudinal position, time series of spectral line profiles taken at different rotational phases
of the star are necessary. The spot is observed from different angles as the star rotates.
Thus, the bump appears at different parts of the line profile. After having analysed all
available spectra it is possible to say whether the spot is close to the pole or to the equator.
For example, in the top series of Fig. 2.3 we see the distortion created by a spot closer
to the pole in a line profile. In this case the bump will always stay close to the central
part of the spectral line and never reach its wings. In addition, the speed with which its
position changes across the spectral line will be very slow. In case of a spot at the low
latitudes (bottom series in Fig. 2.3) the bump travels across almost the whole line profile
with a speed higher then in the first case. The frequency remains the same in both cases,
however, unless the star shows a strong differential rotation.

This is, of course, a very simple example and in practice the things are more compli-
cated. One difficulty is that one has to take into account the position of the spot on the

8
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Figure 2.2: Illustration of the line broadening mechanism for a rapidly rotating star due
to the Doppler shift (left side) and the formation of a bump in the line profile in the case
of a spotted star (right side) by Vogt and Penrod (1983b)
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Figure 2.3: Top series: a high latitude spot on a rotating star and the resulting deformation
of the line profile. Bottom series: the same for a low latitude spot by A. Hatzes

stellar disk, because the "visibility” of the spot depends on the limb angle. A spot close
to the limb will produce a weaker bump then a spot in the central part.

Zeeman-Doppler imaging is one of the adapted variant which allows to reconstruct
both the temperature distribution on the stellar surface and the magnetic field map anal-
ysed fpr polarization Semel (1989), Donati and Semel (1990), Brown et al. (1991).

2.3 Necessary conditionsfor Doppler imaging

A necessary condition for a star to be a candidate for Doppler imaging is a high rotational
velocity or more precisely, a high vsini. Then the rotational broadening is the main line
broadening mechanism. In a first approximation the number of elements that could be
resolved on the stellar surface is approximately 2vsini/W (where vsini is the projected
rotational velocity and W is the full width of the line profile at its half-maximum in case
of no rotation). Typically, W ~ 10 km/s for spotted cool stars, in particular RS CVn
primaries like the star, studied here, which puts a limit of about 20 — 30 km/s on the
projected velocity (vsini) of the star.

On the other hand, the equivalent width of the lines is almost fixed even for different

10
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Figure 2.4: Line profiles calculated with different projected rotational velocities vsini

Table 2.1: Summary of the requirements for Doppler imaging.

Observations

Phase coverage > 6 observed spectra
Spectral resolution, /A4 > 30000

S/N > 200

Observational period < 2 — 3 months

Input geometrical parameters of the star

Projected velocity, vsini 20 — 100 km/s
Inclination, i 20° - 70°
Rotational period # n days and < 2 months

rotational velocities. Therefore, stars with higher rotational velocities will produce less
deep lines. The maximum value which a "bump” in the line profile can reach is around
3 — 4% of the continuum, but it is usually around 1% i.e. for average sized spot. If the
lines are too shallow, the small "bump” produced by the spot on the stellar surface cannot
be distinguished from noise. The problem of a great number of telluric lines, which are
always present in some wavelength bands of the spectra and are not identified, also has
to be taken in account. Thus only stars with vsini not more then 80 — 100 km/s are
usually considered. Three different line profiles calculated for different vsini are shown
in Fig. 2.4.

11
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It is also important to have highly resolved spectra with 1/A1 > 30000. Because of
the small size of the ”bumps” (usually only 1% of the continuum) a high signal-to-noise
ratio (S/N > 200) is needed for the observed spectra. In order to get a more precise stellar
surface map, one needs to have a set of observations which is covering as many different
rotational phases as possible. The rotational phase of the star should not be equal to 24n
hours (where n= 1,2, 3...), otherwise each night the same phases are observed. For the
method to work, at least 6 different rotational phases need to be observed. Observations
for one Doppler Imaging study have to be taken within approximately 2 or 3 months (not
longer). It is assumed that within this short time period spots cannot evolve too much. For
the analysis it is better to choose several temperature insensitive and unblended spectral
lines.

Stars with inclinations equal to zero (i.e. i = 0°, so that the rotational axis lies on
the line of sight) cannot be used either because then v, = 0 km/s and Doppler imaging
is impossible. Also, i = 90° is not suitable for Doppler imaging as in this case it is
not possible to distinguish whether the cool feature is located in the northern or southern
hemisphere. This will affect all results obtained from inclinations bigger then 70°. Thus,
the best is to have 20° < i < 70°.

In Table 2.1 a summary of the necessary restrictions for the star to become a candidate
for Doppler Imaging are given, together with appropriate observational conditions for
stellar surface reconstruction.

All geometrical parameters (rotational period, vsini and i) as well as physical param-
eters (like the spectral type, effective temperature, Tes¢, gravitational acceleration, log g,
macroturbulence, ¢, and microturbulence, &) have to be determined with high precision.

2.4 Basicsof theinverse problem

24.1 Calculation of Doppler shifted spectral line profiles

First of all, it should be explained how the shape of a spectral line profile is calculated for
a star without rotation. In Fig. 2.5, a spherical surface is used to represent a star with a
spherical coordinate system in its center. @ is the angle between an arbitrary point M and
the line of sight. dS(M) is an infinitesimal surface element. From the basics of radiative
transfer it is known that the flux, F, is equal to fdl cos(#)dS(M), where | is the intensity.
Thus the line depth at the wavelength A is

Fo—Fu _ L Fi_ - $ 1, cos(6)dS(M)

RO =~ Fo " §locos(@)ds(M)”

(23)

where F¢ and I are the flux and intensity of the continuum, F, and |, are the flux and
intensity at the wavelength 4, ﬁ is the integral over the visible stellar surface.

In practice the star is rotating and a shift A1 is observed for the central wavelength 1y
of the line profile at the point M. In this case, the line depth also depends on the rotational
phase of the star which is assumed to be known and equal to ® = w(tp), where w is angular
velocity, to is time corresponding to phase 0. Now, Eq. 2.3 can be rewritten in the form:

12
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rotational axis

Figure 2.5: Stellar surface in spherical coordinates as used for Doppler imaging. R in fig.
is radius, not to be mixed up with R(1) in Eq. (2.3)

[ [1(M, 6,2+ Aa(M)) cos(6)dS(M)

R(A,®) = 1- [ [ 1c(M, 6) cos(6)dS(M)

(2.4)

where M represents the spatial coordinates across the stellar surface (longitude and lati-
tude), 6 represents rotational phases and wavelengths or (equivalently) radial velocities,
1(M, 6, 1+ AA(M)) is the local intensity at the surface point M. If | and . are represented
as functions of the coordinates on the stellar surface and specified by M with the stellar
longitude ¢ and latitude 6, then the shape of the local line profile (i.e. line absorption nor-
malized to local continuum intensity) which depends on the coordinate M and rotational
phase 6) is

1(M, 6, )
Io(M,6) -

Roc(M, 0, 4) =1 - (25)

Doing so, Eqg. 2.4 becomes

[ 1M, )Roc(M, 6, 1 + AA(M)) cos(6)dS(M)

R(A,®) =1~ [ [1s(M, 6) cos(6)dS(M)

(2.6)

13
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The basic problem is now in the definition of the local line profile R, which we
observe at angle 6 (Eq. 2.5). Roc(M, 6, 1) depends on the abundances of elements at point
M, line broadening mechanism and the structure of the atmosphere. In order to find the
dependence of the local surface brightness I(M, 8), which includes limb darkening and
intrinsic inhomogeneities, on angle 6, the center-to-limb darkening law of the star for
the continuous spectra has to be known. Basically, Doppler Imaging Technique is stable
against errors in the calculation of line profiles with different limb darkening dependence
(Unruh and Collier Cameron 1995). If one defines A(0) = 1 —y +y cos(6), where vy is the
limb darkening coefficient and 6 = 6, = 0, then the local surface brightness is

1c(M, 0) = 1c(M, o) A(0) . (2.7)

The main task of Doppler Imaging is to reconstruct the stellar surface brightness dis-
tribution from a given set of line profiles I, needs the solution of an integral equation:

D(6) = f P(M, 6) S(M)dM , (2.8)

where D(6) is the observed function (data), S(M) is the function, which needs to be re-
constructed (an image), M and 6, as was written before, represent the coordinates on the
stellar surface and the rotational phase accordingly. All information about geometric con-
ditions, local stellar line profiles, stellar limb darkening and instrumental characteristics
is included in the response function P(M, 8). Thus, we need to find S(M). Finding the
integrand if the integral is known as an inverse problem.

2.4.2 Theinverseproblem

Mathematically, the inverse problem for solving Eq. 2.8 to restore the the image S(M),
can be presented as a matrix equation:

n
D=PS or D;= ) P;S;, i=1..m, (2.9)
j=1
where D is a data set with m points. The task is now to reconstruct a composition of
the parameters over the stellar surface S which consists of n image pixels. The set of
measurements is a data vector D now. The set of image pixels is an image vector S. The
response matrix P is the discrete version of the response operator. The elements of the
matrix P are given by P;; = dD;/dS;. Using P, it is possible to find how the image (S)
can be transformed to the model (D). In the simple case when the number of data points
is equal to the number of points over the stellar surface (n = m) the matrix P can be
simply inverted into the matrix P~* in order to solve Eq. 2.8. In spite of that, this is an
ill-possed or underdetermined problem. The inverse matrix P does not exist. Thus the
number agreeable with the data solutions is infinite. In addition, as the data will never
be free of noise, such a solution will be unstable, however. Problems of this type are in
general called ill-conditioned. To this type belong models which do not satisfy one of the
following properties:

e asolution exists;

14
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e the solution is unique;
e the solution depends continuously on the data, in some reasonable order.

One of the best variants to solve this problem is to select one particular solution (im-
age) from all possible. This can be done by applying some additional constraint on the
solution. Then one has a unique solution, the inverse problem becomes well-posed and it
is called regularized.

In general, one has to deal with the case when m # n. Then, the observed data D and
the distribution of parameters over the stellar surface S have a probability density function
f(D; S). The overall probability to obtain D is the so-called likelihood function:

L= ﬁ f(D;;S), (2.10)
j=1

where D; is given statistically independent observations. There is a single value of D;
that is most likely; that is, makes the likelihood, L, as big as possible. That value of L
is known as the maximum likelihood estimate. Thus, one has to find a solution which
maximizes L. This solution is given by the following system of equations:

0
IS
We get the observed data D when the solution corresponds to the maximum probabil-
ity. Due to noise in the data which cannot be reduced, such a solution is not executable.
Thus, during calculation of the highest probability at some point we start to fit the noise.
In order to protect our solution from fitting the noise we can set up a limit L, for the
overall probability where the calculation has to stop:

INL(S)=0, i=1n. (2.11)

L=Lo. (2.12)

Even with a limited overall probability, still a lot of solutions exist which are rather differ-
ent and satisfy the condition Eq. (2.11). Now only one of them has to be chosen. To select
the appropriate, reasonable and not noisy solution two different approaches to the inverse
problem can be applied: the Bayesian approach and the Occamian approach. For the last
two decades several codes for Doppler Imaging have been developed. They all use on the
common method to invert the spectral lines information to the stellar surface map using
the regularization technique. However, they are based on either of the two approaches and
differ mainly by the applied regularization limits to get a unique solution.

2.4.3 The Bayesian approach and codes based on it

”Bayesian” probability or ”Bayesian” theory is named after Thomas Bayes (1702 - 1761).
The term Bayesian, however, came into use not before 1950, and in fact it is not clear
whether Bayes really introduced the very broad interpretation of probability, now called
”Bayesian”. The Bayesian interpretation of probability allows probabilities to be assigned
to random events, but also allows the assignment of probabilities to any other kind of
statement. In other words, to choose a unique solution one needs to invoke some prior

15
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information (additional constrains g(S), where S the distribution of temperature over the
stellar disk) on the properties of the solution and then to maximize the functional

®=InL(S)+19(S), (2.13)

where A is a Lagrange multiplier which is determined under the condition given by Eq.
(2.11). Different codes which are based on the Bayesian approach have different defini-
tions of g(S). For example:

e the Tikhonov method (TM) (Goncharskii et al. 1977) searches for the solution with
the minimum gradient of the parameters across the stellar map (g(S) = gradsS), thus,
it considers as a right solution the smoothest image consistent with the data;

e the Maximum Entropy Method (Vogt et al. 1987) searches the images with the
minimum of information (with the least content of configurational information),
e.g. with the largest entropy (g(S) = S log S);

o the method which considers only two temperature values (S; € {Ssf, Ssp}, Where
St and Sy, are stellar surface and spot temperatures, respectively) was developed
by Collier Cameron et al. (1990) and Kurster (1993).

All these additional constrains are artificial. They allow a reasonable, but distorted
solution with an unknown bias. In principle, with the increase of quality of observations,
the influence of the applied constraints is decreasing.

2.4.4 The Occamian approach

Around ten years ago Terebizh and Biryukov (1994), Terebizh and Biryukov (1992) and
Terebizh (1995a), Terebizh (1995b) introduced a non-Bayesian approach to the inverse
problem. The new approach is based on the philosophical principle of "Occam’s Razor”
propounded by the English philosopher William of Occam (1300- 1349). This principle
advocates that "Entia non sunt multiplicanda praeter necessitatem” (Latin for "Entities
should not be multiplied more than necessary” or, in other words, one should not increase
the number of entities required to explain anything beyond what is necessary). The prin-
ciple states that one should not make more assumptions than the minimum needed.

The new method for the calculation of the inverse problem is called the Occamian
approach and it has several features in common with the Singular - Value Deconvolution
method described by Press et al. (1992). The advantage of the Occamian approach is
that it uses only one artificial constraint to the solution, e.g. that the solution must be not
negative. The negativity can naturally appear in many inverse problems.

The choice of the solution can be made from the analysis of all accessible informa-
tion, e.g. the observational data, D, and the model, P. Based on this, one can make a
first approximation of the Fisher information matrix. Using this information matrix, it is
possible to determine the error ellipsoid in the space of solutions or the stable solution
itself. The error ellipsoid is used to calculate the accuracy of the solution.

To make a simple description of the problem, let us consider a one-dimensional case.
S is a deterministic column vector of the real non-negative parameters, that is S =

[Si.....Sn]" where T means a transportation operation. The statistical estimate S of the
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2.4 Basics of the inverse problem

parameters S has to be found on the basis of the known Point Spread Function (PSF), that
is the (mxn) matrix P = [pj]. One can write a non-negative and symmetric (nxn) matrix
F(S) as

m
_pTA-L ) _ Pji Pix
F(S)~P'Q'P, Fi(S)= ,Zl 5,5 (2.14)
where Q is the diagonal (m x m) matrix with observed data set (Dq, ..., D):
Q(S) = Diag[D;, ..., D] . (2.15)

Equations (2.13) gives an explicit representation of the Fisher information matrix.
When the solution is found, the observed data D has to be replaced by the model cal-
culation R in order to reach the exact equivalence. The eigenvectors Vi, ..., V, and the
corresponding eigenvalues Ag, ..., A, of this matrix define the orientation (the axis of the
ellipsoid is proportional to A; /%) and the shape of the error ellipsoid. The new frame
of reference with the coordinates Y, ..., Y, is characterized by the directions of the axes
of the error ellipsoid. The coordinates Y, ..., Y, are a linear combination of the unknown
parameters Sy, ..., S,. This combination is defined by the orthogonal transform and forms
the so-called principal components of Sy, ..., Sy:

Y=VT'S, S=Vyv, (2.16)

where VT = V=1V = [V, .., Vi].

This orthogonal transform describes the rotation of the coordinate system in the space
of solutions. The new coordinates Y include these ’principal components’ of the solution.
Then smallest eigenvalues, A, ..., A, of the information matrix F(S) represent principal
components with relatively large errors of the solution of the inverse problem. Thus, the
error ellipsoid is strongly elongated in these directions. At the same time, combinations
in the direction of large eigenvalues can be estimated with a much better accuracy. In
addition, if these is a lack of observations and the number of points over the stellar disk,
n, is smaller then the number of data points (m < n), (n — m) eigenvalues become zero,
and the respective parameters are linear. Thus, only a part of the principal components
completely covers the information of S The relatively small number of p of estimates

~(p) ~ ~
of the principal components Y g [Y1,...,Yp] instead of S have to be done with a given
number of restrictions: Si(Y) > 0, k=1,..,nand Y; = 0, j > p. Then the transform is

~(p) ~(p)
S =Vy . (2.17)

Together with the restrictions listed earlier, Eq. 2.15 leads to the acceptable stable

~(p)
solution S . In that way the solution of the inverse problem in the Occamian approach
has provided a fit to the observed data, D, which is statistically good enough, and with a

minimum set of S(m. The choice of p makes the solution unique and removing of principal
components which contain no significant information but noise gives the stability for the
solution.

To apply the Occamian approach the probability density function f(Dj; S) and the
principle for calculation of the level L, must be defined. It is possible to use a Gauss
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2 Doppler Imaging Technique

function for the probability density function in case of high signal-to-noise observations.
In the present realization of the Occamian approach a Poisson function is applied. It is
similar to the Gauss function for high signal-to-noise observations and is never negative
for low signal-to-noise observations.

A way to judge the level of goodness, Lo, was proposed by Terebizh and Biryukov
(1992). They used the mean information principle and supposed that the likelihood func-
tion L is equal to its mathematical expectation value (L) or deviates from it only by a
statistically inconsiderable value. Then one has L = (L) which represents the class of
mean likelihood solutions. The complete information J can be found using the Shannon
definition of the information, e.g.

J=-InL. (2.18)

As a consequence, the mean likelihood principle is equivalent to the mean information
principle

J=(J). (2.19)
This procedure yields a solution containing the mean amount of information (J) rather

than minimum and in the case here, with the Poisson function and a high signal-to-noise
ratio, the mean information matrix is

()= >’ In \27eR;, (2.20)
=1

where Ris the calculated model. It should be mentioned that the choice of the limit for the
likelihood function (Ly) does not change the main principle of the Occamian approach.
To show how the Occamian approach works on practice, let us consider that a Point
Spread Function P transforms a composition of the true parameters S into a calculated
model R:
R=PS. (2.21)

At the same moment we have a given set of measurements D (observed data), which is:
D=PS. (2.22)

Assuming that the PSF P is exactly known, we can estimate S of the true vector from
this equation. To solve this problem with the Occamian Approach we have the following
algorithm:

1. assuming some non-zero solution Sy and using the model P we calculate a vector

Ro;
2. calculation of a Fisher matrix for given P and D;

3. finding of eigenvalues A and eigenvectors V of the fisher matrix F(S) and then
principal components Yo;

4. the final step is minimization of the information J down to the mean information
(J) (minimization of discrepancies between the vector Ry and D)
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After the step 4, we can make a final estimation of the solution S; and corresponding
vector R;.

In our case the role of calculated model R plays a set of calculated with the radia-
tive transfer equation local line profiles and the data D are observed and normalized flux
profiles.

In contrast with many others techniques, the Occamian approach, during the inversion,
does not presupposed a shape for the distribution of the cool features (spots) over the
stellar surface.

2.5 Doppler imaging code based on the Occamian ap-
proach

In this work the Doppler Imaging set of codes developed by Berdyugina (1998) based on
the Occamian approach is used. The codes are written in Fortran77 and the set consists
of 5 codes for the data inversion: chem05. f, s1loc05. f, dark.f, sq.f, occ_di.f. The
codes are briefly described individually in Sect. 2.5.1 — 2.5.5.

2.5.1 Calculation of number densities of atoms and molecules

The programm chem05. £ calculates number densities of atoms and molecules (if the
latter are included in the Doppler Imaging calculations) under the assumption of chemical
equilibrium between the different atomic and molecular types (Berdyugina et al. 2003).
There are two processes in order to ensure chemical equilibrium which have to be taken
into account for cool stellar atmospheres: ionization and dissociation (Tsuji 1973). The
assumption of chemical equilibrium means that the number of associations is equal to
the number of dissociations. The number of ionized atoms is calculated from the Saha
equation.
Calculations need parameters which are included in several input files with:

e parameters (names of input and output files);
e abundances of elements (in our case we used abundances of 42 elements);

e a catalogue of atomic and molecular lines included for calculations. The list of
atomic lines is taken from the VVALD database (Piskunov et al. 1995) for lines hav-
ing a central depth not less then 1%. The information for molecular lines is taken
from different sources;

o information about stellar atmospheres models taken from the Kurucz database.

2.5.2 Calculation of local line profiles

The next code sloc05. f calculates a set of synthetic line profiles for a given temperature
range and gravity (log g) using the stellar atmosphere models by Kurucz (1993). Using
this code it is possible to find opacities. Furthermore, there is an option to calculate in-
tensities or the flux in the considered wavelength interval, taking into account continuum,
atomic and molecular lines opacities.
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The computation is based on the output files from the above described code with the
calculated number densities of atoms and molecules. Also it uses partly the same input
files for chem05. £ (list of abundances, files containing the model information). Some
additional files are also used. They contain information about:

e parameters: microturbulence, considered wavelength intervals. The wavelength
intervals have to include lines chosen for Doppler imaging. It is better to choose
more than one line for the inversion, because simultaneous inversion of several line
profiles usually reduces the effect of systematic deviations in a certain line due to
noise and blends;

e information about atomic lines (name of the element, ionization state, wavelength,
excitation potential, microturbulence, oscillator strength, radiative broadening, Stark
gamma factor, Van der Waals gamma factor, Lande factor and the central depth) and
about the molecular lines (wavelength, oscillator strength).

2.5.3 Limb darkening coefficients

As mentioned above, limb-darkening effects are important for the calculation of the broad-
ening of line profiles of rotating stars (see Sec. 2.4.1). Using limb darkening coefficients
for each limb angle makes the inversion process much faster. The code dark. f recalcu-
lates the local line profiles for the intensities for the concerned number of angular points
on the stellar disk (normally, it is 10).

Input parameters required by this code are:

e instrumental profile;
e macroturbulence velocity.
The output file contains continuum intensity in different spectral regions, normalized

local line profiles for the center of the stellar disk and limb darkening coefficients for each
wavelength.

254 Surfacegrid and geometry
In this code the grid on the stellar surface according to the stellar parameters (inclina-
tion, number of rotational phases) is specified. The input file for the code sq. £ includes
information about

o the observed rotational phases;

e inclination;

e size of one pixel on the stellar surface;

e Vv sin i, e.g. projected rotational velocity.
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2.5 Doppler imaging code based on the Occamian approach

255 Inversions

The last step is to calculate the Point Spread Function from the local line profiles and to
make an inversion. This step is carried out by the last code, occ_di. f. The algorithm
is described in the previous subsection 2.4.4. The file containing observations is used
in this code as well as files with area of geometrical information and local line profiles
obtained as described in Sects. 2.5.3 and 2.5.4. The file with input parameters includes
the following information:

e accuracy factor for neglecting of those principal components, which correspond to
small eigenvalues of the Fisher matrix;

e convergence tolerance;
o the wavelength shift for the observed profiles (if necessary);

e the number of wavelength intervals used for the inversion and the intervals them-
selves;

o names of all input and output files.
The resulting output files contain the information about the fit of line profiles to the

inverted line profiles and the final solution of the temperature distribution on the stellar
surface (the temperature is recovered for each pixel).
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3 Doppler Imaging of Sigma
Geminorum

3.1 RSCVn binary system o Geminorum

3.1.1 General information, orbital elements and photometric prop-
erties
Sigma Geminorum (75 Gem, HR 2973, HD 62044) is a spectroscopic binary star from

the Twins constellation (lat. Gemini). It is situated on the line between two bright stars:
Pollux (8 Gem) and Castor (@ Gem) (Fig. 3.1).

23925, ™
*(Eskimg Neb.) [_‘

+

Figure 3.1: Constellation of Twins (Gemini)
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3 Doppler Imaging of Sigma Geminorum

Sigma Geminorum with the coordinates @ = 7"37™0, 5 = +29° 07 ' (Harper 1911)
can be seen with the naked eye and its absolute visual brightness is My = 0.22. The
maximum brightness in V bandpass is V = 4M14, B—V = 1.122 (Strassmeier et al. 1993)
or (B- V)Hipparcos = 1.118 + 0.006 mag. (V - |)Hipparcos = 1.12 + 0.05 mag. The

luminosity of o Gem is L = 52.5*}%°L ). o~ Geminorum is at a distance (Hipparcos) of
37.5 + 1.1 pc. Hoffleit and Jaschek (1982) gives the distance is equal to 55.6 pc.

The binary system has a marginally eccentric orbit with the orbital eccentricity e =
0.0210 + 0.0069, but it also might be circular (Bopp and Dempsey 1989). The orbital
period is almost synchronized with the rotational period of the primary component and
does not show a significant variability. Values for the orbital period obtained by different
authors are shown in Table 3.1. The rotational axis of the orbit is parallel to the rotational
axis of the primary component. The semiamplitude for the system is K = 34.78 + 0.25
km/s. The radial velocity for the system’s center-of-mass is V, = 43.8 km/s. The helio-
centric Julian date of conjunction with the primary behind (i. e. when the primary star
passes through the ascending node) is Teonj = 2,418, 962.43 + 0907 (Fried et al. 1983) or
Teonj = 2,447,221.2 + 1.91 (Bopp and Dempsey 1989) or Teon; = 2,447, 227.08 (Strass-
meier et al. 1993).

The photometric variability of the primary component of o Gem was first observed by
Hall et al. (1977). Many authors derived the orbital P, and rotational P, periods during
the last century (which are almost equal) from the light curve using different methods.
Results of their studies can be seen in the Table 3.1.

Author Porp (days) Prot (days)
Harper (1911) 19.605 -
Harper (1938) 19.603 -

Hall et al. (1977) 19.6 -

Hall and Henry (1979) 19.603 19.4657 + 0.02

Fried et al. (1983) - 19.423
Eker (1986) 19.60468 -
Strassmeier et al. (1988) - 19.410
Bopp and Dempsey (1989) | 19.60447 -
Eaton (1990) - 19.54
Strassmeier et al. (1993) 19.60447 19.410
Jetsu (1996) - 19.607 + 0.029
Duemmler et al. (1997) - 19.60447

Table 3.1: Orbital and rotational periods for o- Gem obtained by different authors

In this work | use the values for the orbital and rotational periods from Duemmler
et al. (1997), which are Pyt = Porp = 19.60447 + 0.00007 days.

The value of the projected velocity (i. e. v sini) , the photospheric temperature and
the temperature of cool spots on the surface and the inclination of the primary component
varies from one author to another. For a comparison of this parameters see Table 3.2.

o Gemhaslogg = 2.5*33, microturbulence for Ca &c, = 0.7 km/cm, microturbulence
for Fe &re = 1.0 km/s and macroturbulence ¢ = 3.0 (Kovari et al. 2001).
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3.1 RS CVn binary system o- Geminorum

Author Tonot(K) | Tspot (K) | v sini (km/s) i(°)
Poe and Eaton (1985) 4400 3870 - 60
Strassmeier et al. (1988) 4400 3870 25 -
Strassmeier et al. (1993) - - 26 60
Hatzes (1993) 4400 3850 27.0 60
Duemmler et al. (1997) 4500 - 27.0+0.2 > 46
Kovéri et al. (2001) 4630 + 100 - 275+10 |60+15

Table 3.2: Temperature of the photosphere, spot temperature, projected velocity (v sini)
and the inclination (i) for o Gem obtained by different authors.

The lower limit for the radius of the star can be found using the equation

PfOt

v sini, (3.1)
/g

Rsini =

where i is the inclination and v sini is the projected rotational velocity. Duemmler et al.
(1997) took Py = Pop = 199601562 and v sini = 27.0 km/s and found Ry, =
10.5 Ry, for o Gem. The same authors determined the limits for the mass of the primary
of Sigma Geminorum as 0.4Mn < M < 2.2Mc. Kovéri et al. (2001) determines the
radius of the star as R = 12.3*1R and Nordgren et al. (1999) as 9.3 R,

3.1.2 Spectroscopic properties

Sigma Geminorum is a good example of a cool and well studied K1 Il spectral type
star from the class of RS Canum Venaticorum stars. This group of stars includes close
binary systems with a massive evolved primary component (G-K giant or subgiant) and,
typically, a low luminosity secondary component (G-M subgiant or dwarf). RS CVn stars
show photometric variabilities, Ca Il H and K emission lines, fast rotation (the rotational
period is almost synchronized with the orbital period of a few days) and orbital period
variations. With respect to the condition of fast rotation, o Gem has untypically long
periods for RS CVn stars. Due to the high luminosity of the primary component, o
Geminorum is a single-line binary which makes the spectral analysis of the star easier.

Strong Ca Il H and K emissions were observed by many authors. The presence of this
lines is a sign for chromospheric activity on the star. The absolute surface flux emitted in
the H line is F(H;) = 5.7 x 10° erg cm=2 s~* and in the K line F(K) = 7.0 x 10° erg cm~2
s~ (Bopp 1983).

Smith and Bopp (1982), (Bopp et al. 1988) report about the H, lines, which are def-
initely filed in by chromospheric emission. After a detailed high resolution study, Eker
(1986) showed that the core of H, varies with the orbital phase according to the stellar
active regions (spot zones). The central intensity (R.) of H, is 0.44 when looking at the
average spectrum.

o Geminorum has an X-ray luminosity of logL, ~ 31.0 + 0.2 erg s~* (Vi et al. 1997),
(Zhang and Zhang 1999), (Nordon et al. 2006), (Walter et al. 1978). This value is cal-
culated for a distance of 37.5 pc. From the ROSAT observations it was found that the
X-ray emission varies in a time range from years to hours and minutes. The spectral
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analysis made by Singh et al. (1987) shows that X-ray emission on - Gem can be inter-
preted by a bimodal temperature distribution with one component having a temperature
of ~ 5 x 10° K and the second component having a temperature of ~ 40 x 10° K where
the first temperature is the dominant source of X-ray emission.

Ayres et al. (1984) report about bright and broad ultraviolet emission lines of o- Gemi-
norum. Despite the fact that the primary component of the system at V-R= 0.92 lies
on the red giant branch, Sigma Gem has anomalous properties for a star of that class
e.g. prominent high-temperature emissions in its far-ultraviolet spectrum and no traces
of cool and low-velocity wind. It has been found that there are significant changes in the
profiles of high-excitation lines (such as Si IV and C IV) during two successive days of
observations, which could be produced by the rotation of large magnetic active regions on
the star. Engvold et al. (1988) found redshifts of high temperature lines in far-ultraviolet
spectra relative to low-excitation emission characteristic of the chromospheric layers.

3.1.3 Thesecondary component

The secondary component of the system Sigma Geminorum is not seen in the photometry
nor in the spectroscopy. Its luminosity is not more than 1% of the luminosity of the
primary. If M, = 0.™3 for the primary component, the secondary can not be brighter then
M, ~ 5™ (Gray 1988). Thus the secondary can be a main-sequence star of type G6 or
later, or a compact object like a white dwarf or neutron star. According to the predicted
G6 spectral type, its mass must be less than 0.95 M, or less than 1.4 M, if the star is
a white dwarf. From the maximum value for the mass of the star (0.95 M) one can
calculate the lower limit for the inclination, e.g. i > 46.°2 (Duemmler et al. 1997).

3.2 Observations

For the present study 70 spectra of o- Gem are available. They were observed with the
Nordic Optical Telescope (NOT) in La Palma and with the Telescope Bernard Lyot (TBL)
at the Observatoire du Pic du Midi.

3.2.1 Nordic Optical Telescope

The Nordic Optical Telescope (NOT) is a 2.56 m Cassegrain telescope situated in La
Palma, Canaries. It is equipped with the SOFIN (SOviet FINish) échelle spectrograph.
SOFIN was designed and manufactured at the Crimean Astrophysical Observatory in col-
laboration with the Observatory of Helsinki University. First observations took place in
June 1991. Depending on the aim of the observations and the brightness of the star, three
different spectral resolutions are allowed: R = 1/AA = 30000, 80000, 170000.

The observations were recorded with a CCD camera having 2052 x 2052 pixels. Al-
most the all spectral range is covered by two échelle frames centered at 6427 A and 7516
A. For the observation of Sigma Geminorum, an entrance width of 65 m, correspond-
ing to an angle of about 0.5” on the sky, was set. The spectral resolution in this case is
/A = 83000. The dispersion at 6170 A was 37 mA/pix. The temperature of the camera
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during observations was about 150 K and a S/N ratio of about 240 was achieved for most
of the spectra. Observations were done by I. llyin and I. Tuominen.

3.2.2 TelescopeBernard Lyot

The MuSiCoS échelle spectrograph was constructed in 1990/1991 and is installed on the
2 m Foyer Cassegrain Télescope Bernard Lyot at Pic du Midi, France. The spectrograph
covers most of the visible domain in 2 exposures (the blue domain ranging from 380 to
540 nm and the red domain 540 — 870 nm) with a resolving power of 35000.

The observations were recorded with a 1024 x 1024 CCD camera. The 50 micron slit
corresponds to 2.1 arcsec on the sky. Each observation of Sigma Geminorum had a total
exposure time of 1440.0 s (360.0 s + 360.0 s + 360.0 s + 360.0 s). The mean S/N ratio
varies from one year of observations to the other. For 1998, it was about 550, for 2000
about 480 and for 2001 about 590.

3.2.3 Datadescription

Sigma Geminorum was observed during four different epochs: December 2000 with NOT
(observations by 1. llyin and I. Tuominen) and February 1998, February 2000 and De-
cember 2001 with TBL (observations by The MuSiCoS collaboration). This allows us to
compose 4 independent sets of observations covering the full rotational periods of the star.
Exact dates and times of observation, the Julian date, the rotational phases and the S/N
ratios of all 4 sets are given in Tables 3.3 — 3.6.

Number | Date Time JD (2450000+) | Phase | S/N
1 04 Feb. | 23" 45 : 507 849.4902 0.7747 | 760

2 05 Feb. | 01M: 147 : 21" 850.5516 0.8288 | 630

3 06 Feb. | 23": 05" : 59” 851.4625 0.8753 | 570

4 07 Feb. | 23": 28’ : 55” 852.4784 0.9271 | 510

5 09 Feb. | 21" : 50" : 48” 854.4103 0.0257 | 700

6

7

8

11 Feb. | 21M: 01’ : 33” 856.3761 0.1259 | 770
12 Feb. | 220 : 52 : 12 857.4529 0.1809 | 770
13 Feb. | 21" : 05 : 06” 858.3785 0.2281 | 560
9 14 Feb. | 210 : 07’ : 107 859.3800 0.2792 | 570
10 15 Feb. | 23" : 04’ : 59” 860.4618 0.3343 | 370
11 16 Feb. | 23" : 05’ : 06” 861.5035 0.3875 | 170
12 17 Feb. | 23" : 46’ : 177 862.4905 0.4378 | 550
13 18 Feb. | 21 : 02’ : 52 863.3770 0.4831 | 570
14 19 Feb. | 21" : 36’ : 38” 864.4004 0.5353 | 440
15 20 Feb. | 22N : 36’ : 45” 865.4422 0.5884 | 630

Table 3.3: List of observational parameters for February 1998 (TBL).

Rotational phases were calculated with an orbital period Py, = 19.60447 days (Duemm-
ler et al. 1997) and a zero-phase, Py = 2 450 388.36853, taken from Kovari et al. (2001).
The rotational phase, E, can be calculated with the following equation:
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Number | Date Time JD (2451000+) | Phase | S/N

1 02 Feb. | 01M: 32" : 227 577.5641 0.9129 | 440
03 Feb. | 23": 36’ : 50” 578.4839 0.9598 | 410
05 Feb. | 20" : 07’ : 20" 580.3384 0.0544 | 300
09 Feb. | 20M: 40’ : 02” 584.3611 0.2596 | 520
12 Feb. | 23": 56" : 07” 587.4973 0.4195 | 500
21 Feb. | 23": 45’ : 40” 596.4900 0.8783 | 520
22 Feb. | 23": 21" : 36" 597.4733 0.9284 | 590
24 Feb. | 22" : 42’ : 15" 599.4460 0.0290 | 450
9 25 Feb. | 22" : 35" : 50” 600.4415 0.0798 | 480
10 26 Feb. | 23" : 40’ : 55” 601.4867 0.1331 | 470
11 27 Feb. | 22" : 50" : 58” 602.4521 0.1824 | 480
12 28 Feb. | 23": 25" : 30” 603.4760 0.2346 | 550
13 29 Feb. | 19" : 58’ : 58" 604.3326 0.2783 | 250
14 02 Mar. | 22" : 44 : 56" 606.4479 0.3862 | 490
15 04 Mar. | 23": 04’ : 21” 608.4614 0.4889 | 530
16 05 Mar. | 23" : 57" : 35" 609.7483 0.5545 | 550
17 07 Mar. | 22" : 39" : 08” 611.4438 0.6410 | 580
18 08 Mar. | 23": 13’ : 31" 612.4677 0.6933 | 620

0O ~NOoO O wWN

Table 3.4: List of observational parameters for February - March 2000 (TBL).

Number | Date Time JD (2451000+) | Phase | S/N
1 07 Nov. | 06" : 28" : 32” 855.7698 0.8504 | 144
2 07 Nov. | 06" : 52 : 43" 855.7866 0.8513 | 162
3 08 Nov. | 06" : 18" : 35” 856.7629 0.9011 | 214
4 08 Nov. | 06" : 42" : 02" 856.7792 0.9020 | 208
5 09 Nov. | 06" : 35" : 28" 857.7746 0.9527 | 216
6 09 Nov. | 07": 07 : 59” 857.7972 0.9539 | 225
7 13 Nov. | 04": 32" : 21" 861.6891 0.1524 | 214
8 13 Nov. | 05": 07" : 38~ 861.7136 0.1537 | 244
9 14 Nov. | 05": 43" : 16” 862.7384 0.2060 | 285
10 14 Nov. | 06" : 16’ : 42” 862.7616 0.2071 | 298

11 15 Nov. | 06" : 06 : 40” 863.7546 0.2578 | 265
12 15 Nov. | 06" : 39 : 23” 863.7774 0.2589 | 248

13 09 Dec. | 02": 43’ : 22" 887.6134 0.4749 | 223
14 10 Dec. | 01M: 36" : 22" 888.5669 0.5235 | 245
15 11 Dec. | 02M: 42’ : 11" 889.6126 0.5769 | 229

16 12 Dec. | 02": 43" : 04” 890.6137 0.6279 | 294
17 13 Dec. | 02": 08’ : 33” 891.5893 0.6777 | 201
18 14 Dec. | 02": 21’ : 51” 892.5985 0.7292 | 260
19 15 Dec. | 02": 29’ : 32” 893.6038 0.7805 | 289

Table 3.5: List of observational parameters for November - December 2000 (NOT).
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Number | Date Time JD (2452000+) | Phase | S/N

1 01 Dec. | 02": 44’ : 177 245.6141 0.9893 | 450
02 Dec. | 02": 03" : 20” 246.5856 0.0388 | 490
05 Dec. | 00" : 55" : 06” 2495383 0.1894 | 400
06 Dec. | 01": 18" : 56" 250.5548 0.2413 | 580
07 Dec. | 02": 47" : 35" 251.6164 0.2954 | 520
08 Dec. | 02": 31 : 47" 252.6054 0.3459 | 510
09 Dec. | 02": 37" : 59”7 253.6097 0.3971 | 520
10 Dec. | 02M: 41’ : 15” 254.6120 0.4482 | 580
9 11 Dec. | 01M: 40" : 427 255.5699 0.4971 | 530
10 12 Dec. | 02M: 05’ : 40” 256.5873 0.5490 | 640
11 13 Dec. | 01M: 26’ : 38" 257.5602 0.5986 | 500
12 15 Dec. | 02M: 02’ : 01” 259.5847 0.7019 | 460
13 16 Dec. | 02M: 05’ : 11” 260.5869 0.7530 | 590
14 17 Dec. | 01" : 50" : 29” 261.5767 0.8035 | 640
15 18 Dec. | 02M: 04’ : 27" 262.5864 0.8550 | 610
16 27 Dec. | 00" : 55 : 47" 271.5387 0.3116 | 530
17 05Jan. | 01": 19 : 03" 280.5549 0.7715 | 530
18 06 Jan. | 00" : 48’ : 53" 281.5339 0.8215 | 530

O ~NOoO O wWN

Table 3.6: List of observational parameters for December 2001 - January 2002 (TBL).

HJD - P,
Porb

where HJD is the heliocentric Julian date of the observation.

In total 70 spectra are available for Doppler Imaging: 15 from February 1998, 18 from
February — March 2000, 19 from November — December 2000 and 18 from December
2001 - January 2002. Example of one set of observations consisting of 15 spectra from
February 1998, which are cover a full rotational period, is shown in Fig. 3.2. Some of the
observed lines show clear distortions and changes from one rotational phase to the next.
Only a short section of full spectrum with 4 atomic lines which were used for Doppler
Imaging is shown.

The lines chosen for Doppler Imaging in case of the observations from TBL are
Fel6173 A, Ni16175A, Ni 16177 A, Fe 1 6180 A(Fig. 3.3) and Fe 1 6430 A, Ca | 6439 A
(Fig. 3.4). The wavelength interval in the reduced data files kindly provided by I. Ilyin
for observations from NOT is 6158 — 6199 A. Thus we can use only 4 lines (Fe | 6173 A,
Ni | 6175 A, Ni 1 6177 A, Fe | 6180 A) for the analysis.

In order to see the evolution of spots one needs to compare the same places on the star
observed at different epochs, e.g. in different years. In order to see whether there is any
change in the spectral line profiles between different years we compare approximately the
same rotational phase (the difference between maximal and minimal phases is 0.0222)
observed at different epochs (Fig. 3.5).

E= (3.2)
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Figure 3.2: Set of 15 spectra recorded with TBL in February 1998. Line profiles of
consecutive phases have been shifted in the vertical direction. The corresponding phases
are given on the left side. Four lines that are analysed in detail are identified.
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Figure 3.3: Atomic lines used for Doppler Imaging: Fe 1 6173 A, Ni 1 6175 A, Ni 16177 A
and Fe 1 6180 A (observations from 06.01.2001, TBL).
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Figure 3.4:  Atomic lines used for Doppler Imaging: Fe | 6430 A and
Ca | 6439 A(observations from 06.01.2001, TBL).
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Normalized Flux
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Figure 3.5: 4 spectra taken approximately at the same rotational phase, but at different
epochs. Phase 0.4831 from February 1998, phase 0.4889 from March 2000, phase 0.4749
from December 2000 and phase 0.4971 from December 2001.
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3.3 Studying of the physical parameters of o Geminorum

3.3 Studyingof thephysical parameter sof o- Geminorum

The choice of values of stellar parameters has a big influence on the quality of a recon-
structed map of the star Vogt et al. (1987), Rice et al. (1989), Piskunov et al. (1990) and
(Unruh 1996). In order to reconstruct a picture which is free from any artificial features
all parameters have to be known with a high precision. The big variations in values of the
parameters determined by different authors presented in Sec. 3.1.1 — 3.1.2 show that this
is not the case for Sigma Geminorum. Thus, first of all we need to analyse all physical
parameters necessary for the reconstruction by varying them within the range of values
other authors have determined.

In order to select the best suitable set of parameters we made several reconstructions
varying each parameter within the known range with a step individually adopted for every
parameter. The value which gives the best fit of the calculated spectra to the observed
ones is taken for the final run. As a quantitative characteristic of the agreement between
calculations and observations we used the standard deviations (A) between the two spectra
at the wavelengths of those lines which we used for the inversion. The standard deviation

() is:
A=y %Zl (lsie — lons) (3.3)

where lec — lobs IS the difference between the calculated and observed spectra and n is
the number of calculated points. If the difference between the two compared spectra is
small, then the standard deviation will be low (closer to zero). If the data points are highly
variable, then the standard deviation is high (further from zero). Thus, we are searching
for the solution with the minimal A.

In order to find the best set of parameters | took the set of observations (18 phases)
from December 2001 taken at the TBL. The following 6 atomic lines: Fe | 6173 A,
Ni 16175 A, Ni 1 6177 A, Fe 1 6180 A, Fe 1 6430 A and Ca | 6439 A were analysed.

The first approximation of the astrophysical parameters and their ranges were taken
from the paper of (Kovari et al. 2001). They are given in Table 3.7.

Parameter Value ’Standard” model

logg 2572 25
Macroturbulence, ¢ 3.0kms™ 3.0
Microturbulence for Ca, &ca 0.7 kms™ 0.7

Microturbulence for Fe, ére 1.0kms? -

Teft 4630 + 100 K 4630
Inclination, i 60° + 15° 60

v sini 275+1kms™? 26.7

Table 3.7: Astrophysical parameters of Sigma Geminorum found by Kovari et al. (2001)
and used in this work as a ’standard’ model

Detailed study of the parameters listed in Table 3.7 is presented in the next 5 subsec-
tions.
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3 Doppler Imaging of Sigma Geminorum

3.3.1 Surfacegravity

The surface gravity obtained by the standard analysis of a stellar spectrum is the effective
gravity g = GM/R?, where G is the universal gravitational constant, M and R are stellar
mass and radius respectively. The surface gravity relates to the gas pressure of a star
according to the equation Pgas ~ congtant - gP, where the power p depends on the optical
depth and varies in the range from 0.64 for deep layers to 0.57 for shallow layers. The gas
pressure Py, increases at all optical depths with increasing surface gravity.

One of the important indicators of surface gravity is the size of Doppler broadening.
The line wings become broader with higher g, but the physical mechanism for this is
still not well understood. The difference in spectral line profiles calculated with 3 dif-
ferent log g is presented in Fig. 3.6. The plotted spectral lines are not normalized to the
continuum level. Thus in case we do it, the depth of the spectral line will be changed.
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Figure 3.6: Spectral line profiles of Fe I (6173.33A) line calculated with vsini = 27.5
km/s calculated with 3 different logg. The red line represents the line profile calculated
with log g = 2.0, the black line — with log g = 2.5 and the green line — with logg = 3.0

As seen from table 3.7, the value of log g for Sigma Geminorum is lying within the
range from 2.08 to 2.73. Synthetic line profiles are calculated using the stellar atmosphere
models by Kurucz (1993) for a given temperature range and gravity. The grid of models
cover the gravity range from logg = 0.0 to +5.0 in steps of +0.5. Thus we can calculate
synthetic line profiles only for the following values: 2.0, 2.5, 3.0. Resulting spectra
calculated with these 3 different log g are presented in Figs. 3.7 — 3.12. Fits to the
data are plotted in Figs. 3.7, 3.8, 3.9: the observed and calculated line profiles are shown
by plus signs and lines, respectively. Profiles for consecutive phases have been shifted in
the vertical direction such that the earliest phase is on the bottom and the latest one is on
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3.3 Studying of the physical parameters of o Geminorum

the top of the graph. Surface maps of o- Gem for the 3 different values of log g in the scale
of effective temperatures are shown in four orbital phases and pole-on projections with a
coordinate grid of 30° in both latitude and longitude in Figs. 3.10, 3.11, 3.12. Note that
unless stated explicitly, other parameters are as listed in Table 3.7 under ’standard’ model.

Standard deviations between theoretical spectra calculated with different log g and the
observed spectra are following:

logg A

2.0 0.00148
25 0.00119
3.0 0.00131

Thus the best value of log g is 2.5 (Fig. 3.10), which is not surprising since this is also
the most probable value obtained from independent observations (K6vari et al.; see Table
3.7)). Note that the positions of spots on the maps of Sigma Geminorum calculated with
logg = 2.0 (Fig. 3.11) and 2.5 are the same, but the lower value of log g gives a more
noisy picture. The map with logg = 3.0 (Fig. 3.12) differs significantly from the two
previous pictures. Spots form now a strong dark belt close to the poles. Therefore in the
subsequent calculations the value log g = 2.5 will be used.

61724 6174.1 6174 6 6176.0 61780 6179.4 61810 64295 64320 6437
Wavelength, A

Figure 3.7: A fit to the observations calculated with log g = 2.0. The observed and calcu-
lated line profiles are shown by plus signs and lines, respectively. Profiles for consecutive
phases have been shifted in the vertical direction such that the earliest phase is on the
bottom and the latest one is on the top. The 5 panels are for the lines (left to right):
Fe 16173 A, Ni 16175 Aand Ni 16177 A, Fe 1 6180 A, Fe 1 6430 A and Ca | 6439 A .
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Figure 3.8: Same as Fig. 3.7 but with logg = 2.5, £ = 0.7 km/s, £ = 3.0 km/s.
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Figure 3.9: Same as Fig. 3.7 but with log g = 3.0.

3.3.2 Turbulent motions. microturbulence and macroturbulence

Doppler shifts appear even for stars with small rotational broadening, due to the mo-
tions of the gas in the photospheres of stars. This kind of line broadening mechanism is
suprathermal. The motion of gases in the photosphere of a star was discovered in early
stellar spectroscopic study and was called “turbulence” ((Rosseland 1928)). Turbulent
motions are usually divided into two types: microturbulence and macroturbulence. When
we deal with the turbulent cells which have element sizes that are smaller compared to the
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3.3 Studying of the physical parameters of o Geminorum

mean free path of a photon, that is a microturbulent motion . If the size of the turbulent
elements is small compared to unit optical depth then we have microturbulence. When the
turbulent cells are so large that photons stay in them from the creation until they leave the
star, that is a case of a macroturbulent motion. Thus if the size of the turbulent elements
is large compared to the unit optical depth it is macroturbulence. In case of an unresolved
star we view all macrocells at the same moment. Each of this cells gives a complete spec-
trum with the corresponding to its velocity Doppler Shift. In this case we can say that the
macroturbulence influences the line profiles similar to rotation.

Comparison of the synthetic atomic lines with those calculated with 3 different values
of microturbulence, &, and 3 different values of macroturbulence, ¢, is presented in Figs.
3.13 and 3.14 respectively.

In Table 3.7 two values for microturbulence are given: microturbulence for Ca, &éca =
0.7 km/s and microturbulence for Fe, & = 1.0 km/s. In order to find the best value for
microturbulence, | made 5 calculations for ¢ = 0.6, 0.7, 0.8, 0.9 and 1.0 km/s. Standard
deviations between the theoretical spectra calculated with different microturbulence and
the observed spectra are the following:

& km/s A

0.6 0.00137
0.7 0.00119
0.8 0.00120
0.9 0.00126
1.0 0.00129

The minimal standard deviation corresponds to the microturbulence for Ca, &z, = 0.7.
Calculated spectra compared to the observed ones as well as stellar surfaces reconstructed
for 2 different values of microturbulence are shown on the Figs. 3.8, 3.11 and 3.15, 3.16.
Fits to the simulations are plotted in Figs. 3.8 and 3.16. The corresponding surface maps
of o- Gem in the scale of effective temperatures are shown in four orbital phases and pole-
on projections with a coordinate grid of 30° in both latitude and longitude in Figs. 3.11
and 3.15.

The difference between maps reconstructed with ¢ = 0.7 (Fig. 3.11) and ¢ = 1.0 (Fig.
3.16) is almost negligible. This means that the value of the microturbulence does not play
an important role in the reconstruction of stellar surfaces. For later calculations | used a
microturbulence equal to 0.7 km/s.

The value of macroturbulence, ¢, is accurately known and equal to 3.0. | used that
value for my calculations (Fig. 3.8, 3.11). In fact, different macroturbulences do not
influence much on the final result also. | made two test calculations for ¢ = 2.5 and
¢ = 3.5 to check this. Stellar surface maps reconstructed with different macroturbulences
are present on the Fig. 3.17 and 3.18.
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Figure 3.10: Reconstructed surface map of o Gem for log g = 2.0 is shown in four orbital
phases with a coordinate grid of 30° in both latitude and longitude. Plotted is the effective
temperature distribution given by the colour scale, which is clarified by the bottom right
panel.
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Figure 3.11: Same as Fig. 3.10 but for logg = 2.5, £ = 0.7 km/s, £ = 3.0 km/s
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Figure 3.12: Same as Fig. 3.10 but for log g = 3.0.
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Figure 3.13: Spectral line profiles of Fe | (6173.33A) line calculated with vsini = 27.5
kmy/s calculated with 3 different values of the microturbulence. The red line represents the
line profile calculated with ¢ = 1.0 km/s, the green line with & = 0.85 km/s and the black
line with ¢ = 0.7 km/s
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Figure 3.14: Spectral line profiles of Fe 1 (6173.33A) line calculated with vsini = 27.5
km/s and 3 different values of the macroturbulence. The red line represents the line profile
calculated with £ = 4.0 km/s, the green line with £ = 2.0 km/s and the black line with
¢ =3.0km/s
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Figure 3.15: Reconstructed surface map of o Gem for ¢ = 1.0 km/s is shown in four
orbital phases with a coordinate grid of 30° in both latitude and longitude. Plotted is
the effective temperature distribution given by the colour scale, which is clarified by the
bottom right panel.
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Figure 3.16: A fit to the observations calculated with ¢ = 1.0 km/s. The observed and
calculated line profiles are shown by pluses and lines, respectively.
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Figure 3.17: Reconstructed surface map  Figure 3.18: Reconstructed surface map
of o Gem for £ = 0.25 km/s in the scale  of o- Gem for £ = 0.35 km/s in the scale
of effective temperatures is shown in four  of effective temperatures is shown in four
orbital phases with a coordinate grid of  orbital phases with a coordinate grid of
30° in both latitude and longitude. 30° in both latitude and longitude.
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3.3.3 Effectivetemperature

The line strength is a function of three main parameters: temperature, electron pressure
(or log g, see Sec. 3.3.1) and atomic constants. Effective temperature is thus one of the
most important variables which controls the line strength or equivalent width of a spectral
line.

Effective temperature, Tet¢, can be described in terms of the total flux per unit area
radiated by the star Gray (1992):

f Fydv =0T, (3.4)
0

where F, is the flux emitted from the stellar surface and o = 5.67x 10~ erg/(s cm?2deg®).
To determine the effective temperature from the absolute flux F, measured at the earth in
practice, an integration over the frequency is needed:

f F,dv = (R/I’)ZO'Téff R (3.5)
0

where R is the radius of a star and r is the distance to the star.

The strong influence of the temperature on the spectral line profiles comes from the
equations of excitation-ionization processes (see Sec. 2.5.1). For example, the ratio of
populations of atoms in two energy levels mand n, which is described by the excitation
or so-called Boltzmann equation, depends exponentially on the temperature:

N\ On Ay
N~ G exp(-i7)- (3-6)
where N, and Ny, are the numbers of excited atoms in a level n and mrespectively, g, and
On are the statistical weights of the corresponding levels (g = 2J + 1 where J is the inner
quantum number). Ay = xn — xm, Where y; is the excitation potential of the i-th level (the
excitation potential is the energy above the ground energy level).

The next process through which temperature influences the shape of spectral lines is
ionization. To describe the degree of the ionization of the gas, the Saha equation is used.
The ratio of ions to neutrals Ny /Ny is:

Ni _ 0, 22umkT)* L
PeNO r s exp( ) 3.7

where Py is the number of free electrons per 1 cm?®, 9 js the ratio of the statistical weights,
mis the electron mass, h is Planck’s constant and | is the ionization potential (the differ-
ence in energy between the ground level and the continuum).

Comparison of 3 synthetic spectral lines calculated with different effective tempera-
tures is presented in Fig. 3.19. As an example for calculations | took the Fe I line (6173.33
A). Profiles are calculated with the rotational velocity vsini = 27.0 kmys. Thus, the lines
are broaded due to the rotation. As can be seen, a smaller effective temperature gives a
deeper line. It is also possible to see that the equivalent width of lines is decreasing with
the increasing temperature.
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Figure 3.19: Spectral line profiles calculated with 3 different values of the effective tem-
perature. The red line represented the line profile calculated with Tee¢ = 5000 K, the
green line with Tess = 4750 K and the black line with Tess = 4500 K

To see how strong the influence of a wrongly chosen effective temperature on the re-
constructed map could be, | made 2 test calculations with the effective temperatures which
are 150 K out of the range of temperatures given in Table 3.7. Fits to the simulations are
plotted in Fig. 3.20 for Tess = 4380 K (standard deviation A = 0.00154) and in Fig. 3.21
for Ters = 4880 K (standard deviation A = 0.00119). The corresponding surface maps of
o Gem in the scale of effective temperatures are shown in four orbital phases and pole-on
projections with a coordinate grid of 30° in both latitude and longitude in Figs. 3.22 and
3.23. A wrong choice of the temperature results in different artificial features on a re-
constructed stellar surface. The lower temperature (Fig. 3.22) causes a higher brightness
of spots and a concentration of spots in a polar region. The map produced with a higher
temperature (Fig. 3.23) has a less bright equatorial belt of spots.

In Table 3.7 the value of the effective temperature is given as 4630 + 100 K. Standard
deviations between the theoretical spectra and observations were calculated for 44 ef-
fective temperatures in the range between 4410 K and 4950 K. For the range between
4520 K and 4880 K a step of calculations is 10 K. Dependence of the standard devi-
ation on the effective temperatures used for calculations is shown by the black line in
Fig. 3.24, where each grid point where calculations are done is marked by a star. A non-
linear least squares fit to the function A(T) gave a parabola (see blue line in Fig. 3.24)
with the minimum standard deviation at about Tess = 4750 K although this value is 20 K
higher than the maximum number given by Kévari et al. (see Table 3.7), we will use it
for later calculations, because it gives the minimum deviation of the calculated profiles
from the observed once. The stellar surface map reconstructed with Ter¢ = 4750 K is
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Wavelength, A

Figure 3.20: A fit calculated with Te¢¢ = 4380 K to the observations. The observed and
calculated line profiles are shown by pluses and lines, respectively.

L

Wavelength, A

Figure 3.21: Same as Fig. 3.20 but with Tes¢ = 4880 K.

presented in Fig. 3.25 and fit to the observations is in Fig. 3.26. Calculations are done
with v sini = 26.7 km/s, inclination i = 60° and parameters, which were determined in
the previous sections: logg = 2.5, £ = 0.7 km/s, £ = 3.0 km/s.
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Figure 3.22: Reconstructed surface map
of o Gem for Terr = 4380 K is shown
in four orbital phases with a coordinate
grid of 30° in both latitude and longi-
tude. Plotted is the effective temperature
distribution given by the colour scale,
which is given by the bottom right panel.
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Figure 3.23: Reconstructed surface map
of o Gem for Terr = 4880 K is shown
in four orbital phases with a coordinate
grid of 30° in both latitude and longi-
tude. Plotted is the effective temperature
distribution given by the colour scale,
which is given by the bottom right panel.
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Figure 3.24: Dependence of the resulting standard deviation on the effective temperature
(stars connected by black line) and fitted to it parabola (blue line).
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Figure 3.25: Same as Fig. 3.23 but with Tes¢ = 4750 K.
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Figure 3.26: Same as Fig. 3.20 but with Tes¢ = 4750 K.
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Figure 3.27: Reconstructed surface map
of o~ Gem for i = 45° is shown in four
orbital phases with a coordinate grid of
30° in both latitude and longitude. Plot-
ted is the effective temperature distribu-
tion given by the colour scale, which is
given by the bottom right panel.
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Figure 3.28: Reconstructed surface map
of o Gem for i = 75° is shown in four
orbital phases with a coordinate grid of
30° in both latitude and longitude. Plot-
ted is the effective temperature distribu-
tion given by the colour scale, which is
given by the bottom right panel.

Pole—on

49

6441



3 Doppler Imaging of Sigma Geminorum

3.3.4 Inclination

Geometrical parameters which are important for the stellar surface reconstruction (i.e. the
inclination, i, and the projected velocity, v sini) are described in the next 2 sections.

The inclination, i, is the angle between the normal to the orbital plane (i.e. the orbital
axis) and the direction to the observer. Broadening due to the Doppler shift depends on
this angle. Observed distortions in the spectral line profiles will reflect the inclination of
the axis of rotation from the line of sight. There are some restrictions for the values of
inclination for the stars which are candidates for Doppler Imaging: 20° < i < 70°. For the
detailed explanation see Sec. 2.3.

Inclination for Sigma Geminorum is known within the range between 45° and 75°
(see Table 3.7). | calculated standard deviations for 9 values of inclination from 40° to
80° with a step of 5°. Dependence of the calculated A from the inclinations is plotted
in Fig. 3.27. To demonstrate that the value of A does not change much with different
inclinations, | plotted it in the same range of y-axis as in Fig. 3.29, where the dependence
of standard deviations on the effective temperature is displayed. Thus, we conclude, that
inclination within the determined range has almost no influence on the quality of the fit.
It’s an important result, because the inclination belongs to that group of parameters which
are determined not very accurately.

The role of the inclination on the reconstruction is demonstrated by 2 maps calculated
with boundary values of the inclination: i = 45° in Fig. 3.27 and i = 75° in Fig. 3.28.
The corresponding fits to the observations are plotted in Fig. 3.30 for i = 45° (standard
deviation A = 0.001147) and for i = 75° in Fig. 3.31 (A = 0.001167). Indeed, spots are at
the same positions in both maps. The only difference in the reconstructed stellar surfaces
is in the size of spots. This difference is not so big either even though the calculations
were done with the difference in 30° in the inclination. The spots in the map calculated
with i = 75° (Fig. 3.28) are a bit bigger than in case of the smaller inclination (Fig. 3.27).
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Figure 3.29: Dependence of the standard deviation on the inclination.

For further calculations | will use the inclination equal to 70°. The stellar surface map
reconstructed with i = 70° is presented in Fig. 3.32 and fit to the observations in Fig. 3.33.
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3.3 Studying of the physical parameters of o Geminorum

Wavelength, A

o

Figure 3.30: A fit to the observations calculated with i = 45° . The ob d and calcu
lated line profiles are shown by pluses and lines, respectively.

g

Wavelength, A

Figure 3.31: Same as Fig. 3.30 but with i = 75°.

Calculations are done with log g = 2.5, microturbulence & = 0.7 km/s, macroturbulence
¢ =3.0km/s, Ter¢ = 4750 K and vsini = 26.7 km/s which will be discussed later.
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Figure 3.32: Same as Fig. 3.28 but with i = 70°.
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Figure 3.33: Afit to the observations calculated with i = 70°. The observed and calculated
line profiles are shown by pluses and lines, respectively.

Phase = 0.0 Phase = 0.25

Phase = 0.5 Phase = 0.75

Fo\e—on K

T. K 15480

5170

4870

4570

i 4270
3070

3670

Figure 3.34: Reconstructed surface map
of o Gem for vsini = 25.0 km/s is
shown in four orbital phases with a co-
ordinate grid of 30° in both latitude and
longitude. Plotted is the effective tem-
perature distribution given by the colour
scale, which is given by the bottom right
panel.
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Figure 3.35: Reconstructed surface map
of o Gem for vsini = 30.0 km/s is
shown in four orbital phases with a co-
ordinate grid of 30° in both latitude and
longitude. Plotted is the effective tem-
perature distribution given by the colour
scale, which is given by the bottom right
panel.
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3.35 Rotational velocity

Rotation is the main contributor to the formation of magnetic fields in stellar atmospheres.
Magnetic fields show up as flares and spots on the stellar surface (see Sec. 2.1). Stellar
rotation is described by the projected equatorial velocity, vsini.

Influence of the rotational velocity on the continuum of the stellar spectra is negligibly
small. At the same time, the shape of spectral lines strongly depends on the rotational
velocity. The theoretical spectral line profiles calculated with vsini = 10, 50 and 100 km/s
are presented in Fig. 2.4. It is clear that line profiles become shallower with the increasing
projected rotational velocity vsini. The total area in the line after normalization (dividing
by the continuum flux, F), i. e. the equivalent width W,, however, remains same. This
fact can be easily explained. Each point of a star emits intensity |, which does not depend
on the rest of the star. A change in the rotational velocity shifts |, of each point, but does
not change the total absorption in the line. Thus the total absorption in the line profile
does not vary with vsini.

The projected velocity of Sigma Geminorum lies within the range 27.5 + 1 km/s (see
Table 3.7). To see an effect of a wrong vsini on the results, | made 2 test calculations
with intentionally low vsini = 25.0 km/s and high vsini = 30.0 km/s projected rotational
velocities. Reconstructed maps are presented in Fig. 3.34 for vsini = 25.0 km/s and
in Fig. 3.35 for vsini = 30.0 km/s and the corresponding fits to the observations are
plotted in Fig. 3.38 for vsini = 25.0 km/s (standard deviation A = 0.0011477) and for
vsini = 30.0 km/s in Fig. 3.39 (standard deviation A = 0.001106).
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1.14x107°
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110x107° L v e
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Figure 3.36: Dependence of the standard deviation on the projected rotational velocity in
the range from vsini = 26.0 km/s to vsini = 29.0 km/s.

Comparing Figs. 3.34 and 3.35 one sees that the smaller value of vsini = 25.0 km/s
results in dark spots close to the pole and some bright spots on the equator. The higher
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Figure 3.37: Dependence of the standard deviation on the projected rotational velocity
vsini (black line) and fitted to it parabola (blue line). Points where calculations were
done are marked with stars.
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Figure 3.38: A fit to the observations calculated with vsini = 25.0 km/s. The observed
and calculated line profiles are shown by pluses and lines, respectively.

value of vsini = 30.0 km/s leads to an equatorial belt of spots and some bright spots close
to the equator. Thus, presence of any of this effects can be a sign of a wrongly chosen
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projected rotational velocity.
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Figure 3.39: Same as Fig. 3.38 but for vsini = 30.0 km/s.
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Figure 3.40: Same as Fig. 3.38 but for vsini = 27.2 km/s.

In order to see an effect of the projected rotational velocity on the results, | calculated
standard deviations for 31 values of vsini from 26.0 km/s to 29.0 km/s (which is 0.5 km/s
out of the range specified in Table 3.7 from both sides) with a step of 0.1 km/s. This
dependence is shown in Fig. 3.36. The difference between the maximum and minimum
values of the standard deviations in this range is only 0.00005. After some additional
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3.4 Influence of the atomic lines selected for DI on the reconstructions.

calculations with projected velocities down to 10 and up to 45 km/s and a non-linear least
squares fit to the function A(vsini) we could get a parabola (see blue line in Fig. 3.37)
with the minimum standard deviation A = 0.001047 close to vsini = 30 km/s. The map
reconstructed with vsini = 30 kmy/s is presented in Fig. 3.35. The map shows significant
properties of the wrongly chosen big projected rotational velocity.

As seen from Fig. 3.36, the most stable set of solutions is within the range between
vsini = 27.1 km/sand vsini = 28.0 km/s. The map reconstructed with vsini = 27.2 km/s
shows a minimum amount of bright spots and dark small spots in the southern hemisphere.
Thus | chose this value for vsini for my future calculations. The map reconstructed with
vsini = 27.2 km/s is presented in Fig. 3.41 and the corresponding fits to the observations
are plotted in Fig. 3.40 (standard deviation A = 0.001142).

It is necessary to say that there is a strong correlation between other parameters and
the rotational velocity. If one of the fixed parameters is incorrect, then the deduced vsini
will also be incorrect. Thus, varying of the rotational velocity in order to find the best fit
to the observations can be helpfully in case if there is a mistake in the choice of any other
parameter.

3.4 Influence of the atomic lines selected for DI on the
reconstructions.

To test the reliability of the results we made reconstructions with different sets of atomic
lines. 6 atomic lines are chosen for the analysis of the observations from TBL (Fe | 6173 A,
Ni | 6175 A, Ni | 6177 A, Fe | 6180 A and Fe | 6430 A, Ca | 6439 A) and only 4 for
the observations from NOT (Fe 1 6173 A, Ni | 6175 A, Ni | 6177 A, Fe 1 6180 A) as was
described in the Sec. 3.2.3. Information about these lines is given in Table 3.8.

Element Van

and its Wave- Exci- | Oscil- | Radiative | Stark | der Waals | Lande
ioniz. length, tation lator | broadening | gamma | gamma | factor
state | A& potential | strength factor factor
Fel 6173.01 0.990 | -6.97 4.057 -6.272 | -7.878 2.82
Ni | 6175.36 4.089 | -0.30 8.367 -4.888 | -7.773 1.00
Ni | 6177.24 1.826 | -3.53 7.634 -6.150 | -7.833 0.64
Fel 6180.21 2.727 | -2.50 8.167 -6.092 | -7.805 0.55
Fel 6430.85 2.176 | -1.80 8.217 -6.194 | -7.704 1.24
Cal 6439.08 2.526 0.20 7.649 -6.072 | -7.569 1.12

Table 3.8: Atomic variables for 6 lines used in this work.

Using different atomic lines with different temperature sensitivity can help us to find
out what are the general features for all reconstructed stellar surface maps. It is also possi-
ble to estimate uncertainties of the model or also in physical processes, because different
lines may provide information on slightly different layers of the stellar photosphere. Dif-
ferent temperature sensitivity of 6 atomic lines is illustrated in Fig. 3.42, where we see the
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Figure 3.41: Same as Fig. 3.35 but with vsini = 27.2 km/s.
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3.4 Influence of the atomic lines selected for DI on the reconstructions.

dependence of the equivalent width of all lines on the effective temperature, Tess within
the range 3500 K to 6000 K. The behaviour of equivalent widths with temperature is
different for different atomic lines, which are plotted in different colours.
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Figure 3.42: Dependance of the equivalent width of 6 atomic lines on the temperature.
The black line represents the dependence calculated for Fe I (6173.01 A), the dark blue
line - for Ni I (6175.36 A), the green line - for Ni | (6177.24 A), the yellow line -
for Fe 1 (6180.21 70\), the red line - for Fe | (6430.85 °A) and the light blue line - for
Cal (6439.08 A).

To first order the Doppler Imaging code employed here should take into account the
temperature dependence of the individual lines, so that in principles maps from all lines
should be similar. However, second order effects remain. Such as the influence of tem-
perature gradient, involved fine structure, changes in microturbulence or hidden blends.
These will lead to some changes in the spot maps, whose magnitude needs to be empiri-
cally determined. As we see from Fig. 3.42, the widely used Ca | 6439 A line displays a
particularly large temperature dependence.

For this analysis | took the same epoch as in Sec. 3.3, i.e. 18 spectra observed with
TBL in December 2001.

3.4.1 4atomiclines: Fel 6173A, Nil 6175A, Ni | 6177 A, Fel 6180 A

The first set of spectral line profiles which | used for my work was observed with NOT
in December 2000. The wavelength region of files containing spectra is within the range
from 6158.5 A to 6199.1 A. Thus, I could use only 4 atomic lines i.e. Fe | 6173 A,
Ni 1 6175 A, Ni | 6177 A, Fe 1 6180 A for the reconstruction. Observations from TBL
were not restricted to such a small range. Thus, it is possible to use some more lines for
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Figure 3.43: A fit to the observations calculated with vsini = 26.5 km/s for 4 atomic
lines(Fe 1 6173 A, Ni 1 6175 A, Ni |1 6177 A, Fe 1 6180 A). The observed and calculated
line profiles are shown by pluses and lines, respectively.
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Figure 3.44: Same as Fig. 3.43 but calculated with 2 atomic lines (Fe | 6430.85 A and
Cal6439.08 A) and vsini = 27.2 km/s.

60



3.4 Influence of the atomic lines selected for DI on the reconstructions.

the Doppler Imaging. To be able to compare maps reconstructed with 4 lines with maps
reconstructed with 6 lines (see Fig. 3.41), | made a test calculation for December 2001
with only 4 atomic lines, with logg = 2.5, macroturbulence, ¢ = 3.0 km/s, microturbu-
lence, £ = 0.7 km/s, effective temperature, Ters = 4750 K and inclination, i = 70°. The
best standard deviation (A = 0.00057) was achieved with projected rotational velocity,
vsini = 26.5 km/s. The reconstructed map is presented in Fig. 3.45 and the correspond-
ing fits to the observations are plotted in Fig. 3.43.

Compared to the map reconstructed with 6 atomic lines (Fig. 3.41) the map recon-
structed with 4 atomic lines shows 2 main groups of spots which are at the same positions
as in Fig. 3.41. At the same time the group of spots close to the 0 phase is shifted towards
the north pole by a few degrees and the group of spots close to phase 0.5 is smaller on the
map reconstructed with 4 atomic lines then on the map reconstructed with 6 atomic lines.
It is also shifterd in longitude by ~ 15°.

3.4.2 2atomiclines Fel 6430.85A and Cal 6439.08 A.

Many authors (Hatzes (1993), Kovari et al. (2001), Strassmeier et al. (2003)) based their
imaging analysis on only 2 atomic lines, namely on Fe | 6430.85 A and Ca | 6439.08 A.
Doppler Imaging needs more then 1 separate line for the reconstruction to avoid uncer-
tainties in the solution due to the noise in one line.

If we compare Figs. 3.41 and 3.45 it is clear that some information about stellar spots
which is present in the calculations with 6 lines is missing on the map reconstructed with 4
atomic lines . To see the role of Fe | 6430.85 A and Ca | 6439.08 A in the reconstructions
I made a map of o~ Geminorum with these 2 atomic lines. It is presented in Fig. 3.46
and the corresponding fits to the observations are plotted in Fig. 3.44. The calculations
were done with the same parameters as in Sec. 3.4.1. The best fit to the observations with
A =0.00143 is with vsini = 27.2 km/s as in the case with 6 lines (Sec. 3.3.5).

As we see from Fig. 3.46, the map reconstructed with Fe | 6430.85 A and Ca | 6439.08 A
shows spots at the same positions as in Fig. 3.41 which is reconstructed with 6 atomic
lines. Also, the size of spots on the last reconstruction is significantly, but not extremely
bigger.

In order to compare 3 stellar surface maps of o Geminorum reconstructed with dif-
ferent sets of atomic lines, | plotted all of their pole-on projections in Fig. 3.47. On the
left-hand sight we see a reconstruction based on 4 atomic lines (see Sec. 3.4.1 and Fig.
3.45). The map reconstructed with only 2 atomic lines, which are described in this section
(Fig. 3.46) is on the right-hand sight. The resulting map reconstructed with all 6 atomic
lines (see Fig 3.41) is in the middle panel.

As it is clear from the Fig. 3.47 the main effect on the reconstructed stellar surface is
given by Fe | 6430 A and Ca | 6439 A, i.e. those lines which have the highest values of
the equivalent width (see the light blue and the red lines in Fig. 3.42).
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Figure 3.45: Reconstructed surface map of o- Gem with vsini = 26.5 km/s for 4 atomic
lines (Fe 1 6173 A, Ni | 6175 A, Ni | 6177 A, Fe 1 6180 A) is shown at four orbital
phases with a coordinate grid of 30° in both latitude and longitude. Plotted is the effective
temperature distribution given by the colour scale, which is clarified by the bottom right
panel.

62



3.4 Influence of the atomic lines selected for DI on the reconstructions.
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Figure 3.46: Same as Fig. 3.45 but calculated with 2 atomic lines (Fe | 6430.85 A and
Ca 1 6439.08 A) and vsini = 27.2 km/s.
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3.4.3 3linesof Fel

There are 3 lines of Fe | among the 6 atomic lines which | am using for Doppler imaging,
i.e. Fe 1 6173 A, Fe 1 6180 A and Fe | 6430 A. They are all have approximately the same
values of the equivalent width and almost the same behaviour of it with the temperature
(see the red, the black and the yellow lines in Fig. 3.42). The stellar surface reconstruction
based on 3 lines of Fe I is presented in Fig. 3.49 and the corresponding fits to the observa-
tions are plotted in Fig. 3.48. The calculations were done with the same parameters as in
Sec. 3.4.1. The best fit to the observations with A = 0.00070 is with vsini = 26.8 km/s.

First of all, we see that the reconstructed map is noisy in the southern hemisphere.
At the same time two group of spots (close to the 0 and 0.5 phases) are still present
at the same position as at all other maps, but they have a smaller size then on the map
reconstructed with 6 atomic lines.

3.4.4 2linesof Ni |

Finally, we have 2 lines of Ni I (Ni I 6175 A and Ni | 6177 A)which have the smallest
value of the equivalent width. These are the two lines (dark blue and light green) on the
bottom of the Fig. 3.42. | reconstructed the stellar surface map using these Ni I lines
which is presented in Fig. 3.51 and the corresponding fits to the observations are plotted
in Fig. 3.50. The calculations were done with the same parameters as in Sec. 3.4.1.
The best fit to the observations with A = 0.00052 is with vsini = 26.5 km/s as for the
reconstruction with 4 atomic lines (see Sec. 3.4.1).

The map reconstructed with 2 lines of Ni | map shows the same 2 group of spots at
the same positions. One dark spot in the group which is close to 0.5 phase is the same

4 atomic lines 6 atomic lines 2 atomic lines

Figure 3.47: The pole-on projections of the reconstructed surface maps of o Gem with
different sets of atomic lines. Reconstruction with Fe 1 6173 A, Ni 1 6175 A, Ni | 6177 A,
Fe | 6180 A is on the left-hand sight, with Fe | 6430 A, Ca | 6439 A is on the right-
hand sight and with all 6 atomic lines is in the middle. Descriptions to each of these
reconstructions are given in Figs. 3.45, 3.41, 3.46.
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Figure 3.48: Same as Fig. 3.43 but calculated with 3 lines of Fe I (Fe | 6430.85 A,
Fe 16180 A and Fe | 6430 A) and vsini = 26.8 km/s.

as on the Fig. 3.44 (the reconstruction with 3 lines of Fe 1), but it differs from the Figs.
3.41 (reconstruction with all 6 atomic lines) and 3.45 (reconstruction with 4 atomic lines),
where this one big spot is on the opposite site of the second group of spots.

3.45 Doppler Imaging with Mean Line Profile.

Doppler Imaging was originally applied to individual line profiles, and it is still the most-
used way of its utilization. The idea to use the so-called ’least-squares deconvolution’
(LSD) technique for stellar surface reconstruction was proposed by Donati and Collier
Cameron (1997).With this technique *mean’ polarized and unpolarized line profile can be
found from all available spectral lines. The advantage of the LSD technique is that the
signal summarized from a number of spectral lines has a higher effective S/N ratio. A
mean line profile extracted from many individual line profiles gives a high precision in
the definition of contributions to the line profiles such as the influence of blending lines
(Wade et al. 2000b).

The basic assumption underlying this technique is that all spectral lines contain the
same information. It means that all spectral features in one observed spectrum are as-
sumed to be identical in shape. The only difference is in the amplitude, which can be
derived from the known scaling factor (Wade et al. 2000a). Thus the spectra can be rep-
resented as a convolution of a 'mean line profile’ with a sum of Dirac functions whose
positions and amplitudes correspond to the wavelength and weight of each spectral line.
Basic principles of the least squares deconvolution technique are described in Donati et al.
(1997).

There is also an option to use different line-masks, in order to derive the LSD-profile
only from lines with predetermined properties, e.g. different excitation potentials, differ-
ent wavelength domains or produced by different elements.
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Figure 3.49: Same as Fig. 3.44 but calculated with 3 lines of Fe I (Fe | 6430.85 A,
Fe 16180 A and Fe | 6430 A) and vsini = 26.8 km/s.
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Figure 3.50: Same as Fig. 3.43 but calculated with 2 lines of Ni I (Ni | 6175 A and
Ni 16177 A) and vsini = 26.5 km/s.

In order to compare a map reconstructed using several individual lines with that based
on the mean line profiles, | also made calculations for the mean line profiles obtained for
18 spectra observed in December 2001 with the TBL. These mean profiles were computed
by P. Petit using the LSD technique. They were extracted from 808 Fe | lines within the
spectral range 4489 - 5733 A. Atomic parameters (ionization state, wavelength, excitation
potential, microturbulence, oscillator strength, radiative broadening, Stark gamma factor,
Van der Waals gamma factor, Lande factor) for the set of employed Fe I lines is taken
from the VALD database (Piskunov et al. 1995). To get the atomic parameters of the
mean line profile needed for the calculation of a set of synthetic line profiles, | found the
mean value of each parameter for the selected lines taking into account their weights, w,
(i.e. the line depth and thus a measure of the contribution of this individual line on the
calculated mean line profile) using the following equation:

Xmean = Z(Xi X W)/, (3.8)

where Xmean IS the mean value of the calculated parameter, X; is the value of this parameter
for the n-th line, w; is its weight and n is the number of lines. The weight of each spectral
line, w, is calculated from equation:

w=gld, (3.9)

where g is the magnetic sensitivity (Lande factor), 4 is the wavelength of the line center
and d is the local line central depth (Donati et al. 1997). The list of selected Fe I lines and
their weights provided by P. Petit can be found in Appendix A.
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Figure 3.51: Same as Fig. 3.44 but calculated with 3 lines of Ni I (Ni | 6175 A and
Ni 16177 A) and vsini = 26.5 km/s.
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Element Van
and its Wave- Exci- | Oscil- | Radiative | Stark | der Waals | Lande
ioniz. length, tation lator | broadening | gamma | gamma | factor
state | A& potential | strength factor factor
MLP 5508.1 3.2629 | -2.063 7.778 -5.669 -7.585 1.477 \

Table 3.9: Atomic parameters for the synthetic Mean Line Profile.

Atomic parameters for the synthetic mean line profile calculated with Eq. 3.8 are
listed in Table 3.9. The mean line profile for December 02, 2001 calculated in this way
from 808 Fe | lines is compared to LSD profile obtained by P. Petit in Fig. 3.52. The
wings of the LSD profile obtained from observed lines (the black line in Fig. 3.52) are
extended compared to the synthetic line profile. They are probably residuals of blends
and are, of course, absent in the computed profiles.

A map reconstructed with the LSD profiles of o- Gem presented in Fig. 3.54 and the
corresponding fits to the observations are plotted in Fig. 3.53. The calculations were
done with the same parameters as in Sec. 3.4.1. The best fit to the observations with
A = 0.00033 was obtained with vsini = 27.2 km/s, as for the reconstruction with 6
atomic lines (see Sec. 3.4.1) and with 2 Fe | lines (see Sec.3.4.2).

The surface of o~ Gem reconstructed with the LSD-profile shows 2 groups of spots.
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Figure 3.52: Calculated mean line profile (blue line) and LSD profile for December 02,
2001 calculated from 808 Fe I lines (black line).
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3 Doppler Imaging of Sigma Geminorum

QI

5499.2 5501.0

Figure 3.53: Same as Fig. 3.43 but calculated with LSD-profiles and vsini = 27.2 km/s.

The smaller group is at phase 0 and the bigger one is at phase 0.5. The result is similar to
the maps reconstructed in all previous cases with different sets of lines (see Figs. 3.41,
3.45, 3.46, 3.49 and 3.51).

For the bigger group of spots close to phase 0.5, we see the same features as on
the map reconstructed with 3 lines of Fe | (See Fig. 3.49) and with 2 lines of Ni I (see
Fig. 3.51). This group is mainly composed of 2 spots: the smaller spot is centred at a
somewhat earlier phase while the bigger spot is present at a later phase. At the same time,
it differs from the map reconstructed with 4 atomic lines (see Fig. 3.45) and with 6 atomic
lines (see Fig. 3.41) where the smaller spot is at the later phase and bigger spot is at the
earlier phase. The stellar surface reconstructed with 2 atomic lines of Fe | and Ca | shows
one big spot at phase 0.5, with the 2 spots being indiscernible.
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3.4 Influence of the atomic lines selected for DI on the reconstructions.
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Figure 3.54: Same as Fig. 3.44 but calculated with LSD-profiles and vsini = 27.2 km/s.
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3.5 Summary and conclusions
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1. | analysed influence of different physical and geometrical parameters of a star on

reconstructed maps of the stellar surface. | found that such parameters as micro-
turbulence and macroturbulence do not have a big influence on the reconstructed
map within a reasonable range. Varying surface gravity and inclination leads to a
small, but in some cases noticeable difference in the final results. For example, a
high value of log g is responsible for the appearance of one big dark spot in the
pole’s regions and spots on the maps reconstructed with a much higher inclination
are enlarged in the longitudinal direction.

At the same time, reconstructed maps are very sensitive to the choice of the ef-
fective temperature and the rotational velocity. A comparison of different maps,
reconstructed with wrong parameters, shows the following effects:

e low Tes¢ or low vsini produce a very contrast dark polar cap and some bright
spots on the equator;

e high Tes¢ or high vsini produce an equatorial belt of dark spots and some
bright spots close to the pole.

. The best set of parameters for Sigma Geminorum which are necessary for Doppler

Imaging has been found from the minimal standard deviation A . Observations from
December 2001 taken at the TBL were chosen for the analysis. These parameters
are listed in Table 3.8 and are used for later work.

Parameter Adopted value
logg 25
Macroturbulence, ¢ 3.0 km/s
Microturbulence, & 0.7 km/s
Effective temperature, Tes¢ 4750 K
Inclination, i 70°
Projected rotational velocity, vsini 27.2 km/s

Table 3.10: Adopted astrophysical parameters of Sigma Geminorum.

All analysed parameters, except for the effective temperature, are within the range,
determined by other authors. Tes¢ is 30 K higher then the maximum limit for the
effective temperature reported by Kovari et al. (2001).

. One of the main conclusion about the reconstructions made with different sets of

atomic lines and, the most important, with the Mean Line Profile is that all maps
of o Gem looks similar. Reconstructions based on 6 atomic lines (Fe | 6173 A,
Ni | 6175 A, Ni 16177 A, Fe 1 6180 A, Fe 1 6430 A and Ca | 6439 A), on 4 atomic
lines (Fe 1 6173 A, Ni | 6175 A, Ni 1 6177 A and Fe | 6180 A), on 2 atomic lines
(Fe 16430 A and Ca | 6439 A), on 3 lines of Fe I, on 2 lines of Ni | and on LSD-
profiles show 2 group of spots approximately at the same longitudinal positions
close to phase 0 and phase 0.5.



3.5 Summary and conclusions

4. Reconstructions of o~ Gem surface from November 1996 - January 1997 made by

Kovari et al. (2001) show a strong belt of spots instead of separate groups of spots
on the maps reconstructed in this work. At the same time our spots exhibit the same
latitudes grouped at +40° as in his work.

. Maps reconstructed with Fe | line (6430 A) and with Ca | (6439 A) in the work of
Kovéri et al. (2001) showed a good agreement between each other. The map recon-
structed with Fe I line is more detailed because the iron line has a smaller equivalent
width and provides a higher surface resolution than the map reconstructed with Ca |
line. In our case lines of Fe 1 6173 A, Ni | 6175 A, Ni | 6177 A and Fe | 6180 A
have smaller equivalent widths than atomic lines of Fe | 6430 A and Ca | 6439 A(see
Fig. 3.42). We observe the same effect as Kovari et al. (2001) on the map recon-
structed with 4 atomic lines (see Fig. 3.45) and with 2 atomic lines (see Fig. 3.46).
Map reconstructed with 2 atomic lines which have higher equivalent widths is more
smoothed and has less details.

. The difference between our reconstructions and reconstructions of Kovéri et al.
(2001) based on one line of Fe | (6430 A) and on one line of Ca | (6439 A) can be
explained only due to use of different DI techniques.
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4 Resultsof Surface lmaging of o
Gem for the period of 1998-2001.

4 surface images of o~ Gem reconstructed for four different epochs December 2000 (ob-
servations with NOT) and February 1998, February 2000 and December 2001 (observa-
tions with TBL) are presented in this chapter. Reconstructions for February 1998, Febru-
ary 2000 and December 2001 are done for 4 atomic lines (Fe | 6173 A, Ni | 6175 A,
Ni | 6177 A, Fe | 6180 A) and for 6 atomic lines (previous 4 lines and Fe | 6430 A,
Ca 1 6439 A). Reconstruction for December 2000 are done only with 4 atomic lines (see
Sec. 3.2.3).

4.1 February 1998

4.1.1 Reconstruction with 4 atomic lines

The Doppler Imaging technique was applied to 15 spectra of o- Gem observed with TBL
in February 1998. Fig. 4.3 shows the resulting map reconstructed with 4 atomic lines
Fe 1 6173 A, Ni I 6175 A, Ni | 6177 A and Fe |1 6180 A. The calculations were done
with the same physical parameters as in Sec. 3.4.1. The best standard deviation (A =
0.00055) was achieved with projected rotational velocity, vsini = 26.5 km/s as for the
reconstruction with the same 4 atomic lines for December 2001 (see Sec. 3.4.1). The
corresponding fits to the observations are plotted in Fig. 4.1. A histogram showing the
temperature distribution over the stellar area for for February 1998 with 4 atomic lines is
presented in Fig. 4.2.

4.1.2 Reconstruction with 6 atomic lines

Figure 4.6 shows the resulting map of the stellar surface reconstructed with 4 atomic lines
Fe 1 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A, Fe | 6430 A and Ca | 6439 A
for February 1998. The calculations were done with the same physical parameters as
in Sec. 3.4.1. The best standard deviation (A = 0.0014) was achieved with projected
rotational velocity, vsini = 27.2 km/s as for the reconstruction with the same 6 lines for
December 2001 (see Sec. 3.3.5). The corresponding fits to the observations are plotted
in Fig. 4.4. A histogram showing the temperature distribution over the stellar area for for
February 1998 with 6 atomic lines is presented in Fig. 4.25.

Both maps of stellar surface reconstructed with 4 (Fig. 4.3) and 6 (Fig. 4.6) atomic
lines show 3 separate spots. 2 small spots are close to the phases 0.13, 0.25 and the bigger
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4 Results of Surface Imaging of o- Gem for the period of 1998-2001.

spot close to the phase 0.7. Spots on the map reconstructed with 4 lines are a bit more
elongated in the vertical direction. The spot close to the 0.7 phase is bigger on the map
reconstructed with 4 atomic lines.
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Figure 4.1: A fit to the observations from February 1998 calculated with v sin i =
26.5 km/s for 4 atomic lines(Fe | 6173 A, Ni | 6175 A, Ni | 6177 A, Fe |1 6180 A).
The observed and calculated line profiles are shown by pluses and lines, respectively.
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Figure 4.2: Temperature distribution over stellar area for map reconstructed with 4 atomic
lines for February 1998.
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4.1 February 1998
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Figure 4.3: Reconstructed surface map of o~ Gem for February 1998 with vsini =
26.5 kmys for 4 atomic lines (Fe | 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A)
is shown at four orbital phases with a coordinate grid of 30° in both latitude and longi-
tude. Plotted is the effective temperature distribution given by the colour scale, which is
clarified by the bottom right panel.
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4 Results of Surface Imaging of o- Gem for the period of 1998-2001.
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Figure 4.4: A fit to the observations from February 1998 calculated with v sin i =
27.2 kmys for 6 atomic lines(Fe | 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A,
Fe 1 6430 A and Ca | 6439 A). The observed and calculated line profiles are shown by
pluses and lines, respectively.
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Figure 4.5: Temperature distribution over stellar area for map reconstructed with 6 atomic
lines for February 1998.
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4.1 February 1998
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Figure 4.6: Reconstructed surface map of oo Gem for February 1998 with vsini =
27.2 kmys for 6 atomic lines (Fe 1 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A,
Fe 1 6430 A and Ca | 6439 A) is shown at four orbital phases with a coordinate grid of
30° in both latitude and longitude. Plotted is the effective temperature distribution given
by the colour scale, which is clarified by the bottom right panel.
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4 Results of Surface Imaging of o- Gem for the period of 1998-2001.

4.2 February 2000

4.2.1 Reconstruction with 4 atomic lines

| have 18 spectra observed on TBL in the period between the 02.02.2000 and 08.03.2000.
Fig. 4.11 shows the resulting map of o- Gem reconstructed with 4 atomic lines Fe 1 6173 A,
Ni 16175 A, Ni 16177 Aand Fe | 6180 A. The calculations were done with the same phys-
ical parameters as in Sec. 3.4.1. The best standard deviation (A = 0.00045) was achieved
with projected rotational velocity, vsini = 26.5 km/s as for the reconstruction with the
same 4 atomic lines for December 2001 (see Sec. 3.4.1) and for the reconstruction with 4
atomic lines for February 1998 (see Sec. 4.1.1). The corresponding fits to the observations
are plotted in Fig. 4.7.

A histogram showing the temperature distribution over the stellar area for for February
2000 with 4 atomic lines is presented in Fig. 4.9.

4.2.2 Reconstruction with 6 atomic lines

Fig. 4.10 shows the surface of o Gem reconstructed with 4 atomic lines Fe | 6173 A,
Ni 1 6175 A, Ni | 6177 A, Fe 1 6180 A, Fe 1 6430 A and Ca | 6439 A for February 1998.
The calculations were done with the same physical parameters as in Sec. 3.4.1. The best

Normalized Flux

0.8

6172.4 6174.1 6174.7 6176.0 6176.1 6177.0  6177.9 6179.4 6180.0 6181.0
Wavelength, A Wavelength, A

Figure 4.7: A fit to the observations from February 2000 calculated with v sin i =
26.5 km/s for 4 atomic lines(Fe | 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A).
The observed and calculated line profiles are shown by pluses and lines, respectively.
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4.2 February 2000
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Figure 4.8: A fit to the observations from February 2000 calculated with v sin i =
27.5 kmy/s for 6 atomic lines(Fe | 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A,
Fe 1 6430 A and Ca | 6439 A). The observed and calculated line profiles are shown by
pluses and lines, respectively.

standard deviation (A = 0.0012) was achieved with projected rotational velocity, vsini =
27.5 km/s which is 0.3 km/s higher then for the reconstruction with the same 6 lines for
February 1998 (Sec. 4.1.2) and December 2001 (see Sec. 3.3.5). The corresponding fits
to the observations are plotted in Fig. 4.8.

A histogram showing the temperature distribution over the stellar area for for February
2000 with 6 atomic lines is presented in Fig. 4.10.

There are 3 spots which are at the same positions on both maps reconstructed with
4 (See Fig. 4.11) and 6 (See Fig. 4.12) atomic lines: close to the phases 0.1, 0.25 and
0.8. The main difference between the maps reconstructed with 4 and 6 atomic lines is the
level of noise in the southern hemisphere. It is clear that on the map reconstructed with
6 atomic lines it is almost absent. There is a big spot in the southern hemisphere close
to the phase 0.6 on the map reconstructed with 4 lines. This spot could be produced by
the small level of signal-to-noise in the observed set of spectra. Using a bigger number
of spectral lines for the spectroscopic imaging analysis can help to reduce the noise level.
The sizes of two spots at phases 0.1 and 0.25 are comparable on the both stellar surface
reconstructions. The spot close to phase 0.8 is much bigger on the map reconstructed with
6 atomic lines than on the map of o Gem reconstructed with 6 atomic lines.
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4 Results of Surface Imaging of o- Gem for the period of 1998-2001.
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Figure 4.9: Temperature distribution over stellar area for map reconstructed with 4 atomic
lines for February 2000.
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Figure 4.10: Temperature distribution over stellar area for map reconstructed with 6
atomic lines for February 2000.
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4.2 February 2000
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Figure 4.11: Reconstructed surface map of o Gem for February 2000 with vsini =
26.5 kmys for 4 atomic lines (Fe | 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A)
is shown at four orbital phases with a coordinate grid of 30° in both latitude and longi-
tude. Plotted is the effective temperature distribution given by the colour scale, which is
clarified by the bottom right panel.
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4 Results of Surface Imaging of o- Gem for the period of 1998-2001.
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Figure 4.12: Reconstructed surface map of o Gem for February 2000 with vsini
27.5 km/s for 6 atomic lines (Fe | 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A,

Fe 1 6430 A and Ca | 6439 A) is shown at four orbital phases with a coordinate grid of
30° in both latitude and longitude. Plotted is the effective temperature distribution given

by the colour scale, which is clarified by the bottom right panel.
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4.3 December 2000

4.3 December 2000

4.3.1 Reconstruction with 4 atomic lines

19 spectra of o- Gem observed with the NOT in December 2000 are used for the Doppler
Imaging reconstruction in my work. In this case data with only 4 atomic lines were
available to me for a stellar surface reconstruction (see Sec. 3.2.3). A map reconstructed
with Fe 1 6173 A, Ni 1 6175 A, Ni | 6177 A, and Fe 1 6180 A is presented in Fig. 4.15
and the corresponding fits to the observations are plotted in Fig. 4.13. The calculations
were done with the same parameters as in Sec. 3.4.1. The best fit to the observations with
A = 0.00045 was obtained with vsini = 26.5 km/s as for the reconstruction with the same
4 atomic lines for December 2001 (see Sec. 3.4.1), for February 1998 (see Sec. 4.1.1)
and for February 2000 (see Sec. 4.2.1).

A histogram showing the temperature distribution over the stellar area for December
2000 is presented in Fig. 4.14.
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Figure 4.13: A fit to the observations from December 2000 calculated with v sin i =
26.5 km/s for 4 atomic lines(Fe 1 6173 A, Ni |1 6175 A, Ni | 6177 A, Fe 1 6180 A). The
observed and calculated line profiles are shown by pluses and lines, respectively.

4.4 December 2001

Detailed Doppler imaging analysis of 18 spectra observed on TBL in December 2001 are
shown in Sec. 3.3 and Sec. 3.4. A map reconstructed with 4 atomic lines is presented in
Fig. 3.45 and the corresponding fits to the observations are plotted in Fig. 3.43. A map
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4 Results of Surface Imaging of o- Gem for the period of 1998-2001.
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Figure 4.14: Temperature distribution over stellar area for map reconstructed with 4
atomic lines for December 2000.

reconstructed with 6 atomic lines is presented in Fig. 3.41 and the corresponding fits to
the observations are plotted in Fig. 3.40.

A histogram showing the temperature distribution over the stellar area for for De-
cember 2001 with 4 atomic lines is presented in Fig. 4.16. A histogram showing the
temperature distribution over the stellar area for for December 2001 with 6 atomic lines
is presented in Fig. 4.17.
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4.4 December 2001
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Figure 4.15: Reconstructed surface map of o Gem for December 2000 with vsini =
26.5 km/s for 4 atomic lines (Fe 1 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A) is
shown at four orbital phases with a coordinate grid of 30° in both latitude and longitude.
Plotted is the effective temperature distribution given by the colour scale, which is clarified
by the bottom right panel.
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Figure 4.16: Temperature distribution over stellar area for map reconstructed with 4
atomic lines for December 2001.
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Figure 4.17: Temperature distribution over stellar area for map reconstructed with 6
atomic lines for December 2001.
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4.5 The evolution of spots during 1998 - 2001

45 Theevolution of spotsduring 1998 - 2001

The pole-on projections of 4 stellar surface maps of Sigma Geminorum reconstructed
with 4 atomic lines (Fe 1 6173 A, Ni | 6175 A, Ni | 6177 A, Fe | 6180 A) is presented in
Fig. 4.19. We see 3 groups of spots on the maps reconstructed from February 1998, Febru-
ary 2000 and December 2000. There are only 2 group of spots on the map reconstructed
from December 2001.

The most reliable information which we can get from the Doppler images is the po-
sitions of spots and, in particular, their longitudes (see the comparison of different stellar
surface maps reconstructed with different physical parameters and based on different sets
of atomic lines in Chapter 3). To see how spots change their longitudinal positions see
Fig. 4.18, where longitudes of spot groups are plotted versus time. The zero-point on
the x-axis represents January, 1998. The zero-point on the y-axis represents the central
meridian (in our case it is the meridian which was observed as a central one at the zero-
phase, Py = 2 450 388.36853, taken from Kovari et al. (2001) (see Sec. 3.2.3)). | assume
that spots located roughly at same longitude are the same, although it may also be that
fresh flux (new spots) appeared near the same longitude. There is a possibility that 2
spots which were observed in February 1998, February 2000 and December 2000 and
marked with blue and light green colours on Fig. 4.18 merged in one group of spots as
was reconstructed for December 2001.
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Figure 4.18: Longitudinal spot migration during the period of February 1998 - Decem-

ber 2001. The zero-point on the x-axis represents January 1998. Positions of different
spots are marked with different colours.
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4 Results of Surface Imaging of o Gem for the period of 1998-2001.

February 1998

February 2000

December 2000

December 2001

Figure 4.19: The pole-on projections of the reconstructed surface maps of - Gem for
4 sets of observations (February 1998, February 2000, December 2000 and Decem-
ber 2001). Reconstructions were done with 4 atomic lines Fe | 6173 A, Ni | 6175 A,
Ni 16177 A, Fe 1 6180 A. Descriptions to each of these reconstructions are given in Figs.
4.3,4.7,4.10, 3.45.
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4.5 The evolution of spots during 1998 - 2001

Latitudinal migration of spots plotted versus time is presented in Fig. 4.20. The zero-
point on the x-axis represents January 1998. All group of spots exhibit low latitudes
mainly between 0° and +50°. The minimal spot latitude —5° is present on the map recon-
structed with observations from NOT in December 2000. The maximal spot latitude +60°
is present on the map reconstructed with TBL observations from February 2000.

None of the reconstructed maps showed high latitude spots or polar spots. This result
is in agreement with the all earlier published stellar surface reconstructions of o Gem
from 1991-1992 (Hatzes 1993) and from November 1996 - January 1997 (Kovari et al.
(2001) and Strassmeier et al. (2003)).
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Figure 4.20: Latitudinal spot migration during the period of February 1998 - Decem-

ber 2001. The zero-point on the x-axis represents January, 1998. Positions of different
spots are marked with different colours.
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Results of Surface Imaging of o- Gem for the period of 1998-2001.

4.6 Summary and conclusions

1. | reconstructed 4 maps of o~ Gem which show the temperature distribution over
the stellar surface for February 1998, February 2000, December 2000 and Decem-
ber 2001 (Fig. 4.19). All maps show 2 or 3 groups of spots which exhibit low
latitudes from 0° till +50°. There are no high latitude or even polar spots on the
reconstructed maps.

Author Years of Result of stellar surface
observations reconstruction

Photometric imaging
Fried et al. (1983) 1976 - 1981 | The light curve has shown two
minima, separated by roughly a
half cycle.
Jetsu (1996) 1976 - 1992 Two active longitudes
separated by 180°.
Henry et al. (1995) 1977 - 1992 Nearly all solutions fit to
two spots separated by 0.47 of
the phase.
Strassmeier et al. (1988) | 1981 -1986 | At least 2 spots or spot groups.
Zhang and Zhang (1999) | 1993 - 1994 | Probable presence of 2 cool spots
separated by 0.3 of the phase.
Kovari et al. (2001) 1996 - 1997 | Presence of 3 spots. Cool regions
do not reach latitudes higher
than ~ 60°.

Spectroscopic imaging
Hatzes (1993) 1991 - 1992 Reconstructions with 5 spots
grouped at a latitude +55°.
Kovari et al. (2001) 1996 - 1997 Maps show a belt of spots at
approximately +45° latitude
and a width of 30°.
Strassmeier et al. (2003) | 1996 - 1997 Spot groups along a band at
~ 45° and width
~ 30° or centered at
the equator.
This study 1998 - 2001 | 3 maps with three and 1 map with
2 spot groups mainly between
0° and +50°.

Table 4.1: Comparison of surface reconstructions of o- Gem made by different authors
and based different methods and on observations from different years.
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2. Comparison of 4 maps shows clear confirmation for spots evolution on times scales
at least several months between 2 consistent observations. This evolution of spots



4.6 Summary and conclusions

on the stellar surface can be seen in Figs. 4.18, 4.20, where longitudinal and latitu-
dinal migrations of spots during the investigated period are shown.

. In order to compare results of our reconstructions with both photometric and spec-
troscopic imaging made by other authors, | put short extracts from their results in
Table 4.1. Our results are in a good agreement with both photometric and spec-
troscopic imaging. There two groups of spots separated by ~ 180° on the map of
o Gem for December 2001 as was reported by Fried et al. (1983), Jetsu (1996),
Henry et al. (1995), Strassmeier et al. (1988) and Kovari et al. (2001). There are 3
groups of spots on the maps reconstructed for February 1998, February 2000 and
December 2000 as was presented in the work of Kovari et al. (2001). All spot
groups on the reconstructed maps in this work are on the low latitudes between 0°
and +50°. There are now high latitudinal or polar spots. Hatzes (1993), Kovari
et al. (2001) and Strassmeier et al. (2003) reported about approximately the same
low latitude spots for Sigma Geminorum.
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5 Summary and outlook

o Tests with different spectral lines and different techniques (including comparison
with literature results) show that o Gem has multiple low-latitude spots. On the
visible hemisphere there are 2-3 spot groups located in general below a latitude of
45°. There is no sign of a polar or high-latitude spot, as present on more rapidly
rotating stars. This may have to do with the relatively slow rotation of sigma-Gem
(Prot = 19.6 days), which would mean that the Coriolis force is not as strong as on
more rapid rotators. These results are robust and are found using different spectral
lines, including the use of the LSD line profile.

e Except for a single feature, which may be present on two or maybe (with some
migration) even three images, no other spot survives at the same position between
2 images. This implies that the average lifetime of the starspots on o- Gem is lower
than approximately a year (unless the spots migrate by a very significant amount).

e In general there is a stronger, larger spot with a weaker (or more than one) spot ap-
proximately 180° from it. There is an indication that the longitude of the dominant
spot may have flipped by approximately 180° between February 1998 and 2000 (see
Fig. 4.19). This is the first sign of a flip-flop of activity on this star. The "flip-flop”
phenomenon has been found mainly on very active, very rapidly rotating stars and
typically shows the relatively sudden jump of large activity from one longitude of
the star to the opposite hemisphere. These jumps happen periodically, with a pe-
riod of typically 3-4 years. See Berdyugina and Tuominen (1998) and Berdyugina
(2005).

e Temperature histograms are relatively symmetric, with a longer tail towards lower
temperatures (starsspots) than to higher temperatures (stellar faculae). These his-
tograms evolve slowly, suggesting that any activity cycle of this star is either much
longer than the period of time observed, or is not very strong (i.e. the difference
between activity maximum and minimum is small).

e There is no evidence of bands of low-lying starspots, as found by Kovari et al.
(2001). This finding is in agreement with that of Hatzes (1993) and Strassmeier
et al. (2003) in the literature.

e There is a strong need for longer time series, i.e. the continuing observation of this
star in order to confirm that it really possesses a flip-flop cycle and to determine
the length of this cycle. In addition a longer data base might reveal if there is a
significant activity cycle of this star.
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A Thelist of Fel linesand ther
weights used for extracting of

L SD-profile

The list of 808 of Fe I lines with their wavelength (1) and weights is presented in the
following Table. Values of weights are provided by Pascal Petit.

A A

w

A A

w

A, A

w

A4 A

4489.7393
4490.0830
4490.4990
4490.7622
4490.8081
4492.6768
4493.3711
4494.4697
4494.5630
4495.3892
4495.4238
4495.5659
4495.9531
4496.2710
4498.5332
4498.5933
4502.5908
4504.8301
4509.3052
4510.8208
4511.0420
4513.7139
4514.1841
4515.1650
4516.2720
4516.4492

1.490
1.156
0.476
0.585
0.526
0.334
0.874
0.474
1.135
0.657
0.598
1.189
1.168
0.366
0.719
0.662
1.178
0.591
0.239
1.007
0.481
0.543
1.031
1.124
0.753
0.446

4737.5933
4737.6348
4740.3398
4741.0688
4741.5288
4744.6357
4744.9399
4745.1279
4745.7998
4749.5928
4749.9482
4757.5820
4760.0679
4765.4800
4766.8647
4768.3193
4768.3970
4769.1030
4771.6958
4772.8032
4772.8301
4776.0688
4776.3613
4779.4429
4780.8110
4785.7212

0.500
1.260
2.508
2.562
2.714
1.842
0.998
1.060
1.293
0.219
1.093
2.240
2.676
1.968
1.986
1.232
1.656
1.412
2.476
1.404
1.312
1.266
1.522
1.342
1.406
0.921

5016.4761
5018.4199
5019.7319
5020.8159
5021.6753
5021.9331
5022.2358
5025.0801
5027.1201
5027.2261
5027.7559
5028.1260
5029.6211
5030.7793
5031.0391
5031.0391
5031.2129
5031.9150
5036.9219
5039.2500
5040.2520
5040.8530
5040.9009
5041.0708
5041.7271
5041.7549

2.678
0.954
1.470
0.772
1.126
4.226
1.178
0.262
1.780
1.982
1.158
1.596
2.282
1.588
1.850
1.850
1.452
1.574
2.298
1.436
0.289
0.647
0.377
1.606
0.325
1.126

5326.1401
5328.0376
5328.5308
5329.9873
5332.6631
5332.8994
5333.1421
5333.7656
5339.4033
5339.9277
5341.0229
5349.7334
5353.3730
5361.6216
5365.3960
5369.9580
5371.4302
5371.4893
5371.5962
5379.5742
5382.4736
5383.3691
5386.3350
5386.9590
5389.4785
5391.4609

0.661
1.271
1.353
0.578
0.399
1.644
0.577
0.490
1.284
1.588
1.024
2.498
2.806
1.668
1.798
1111
0.710
0.683
0.988
1.020
0.950
1.158
0.885
0.730
0.952
1.312

Continued on the next page...

97
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A A

A A

A, A

A A

4517.5259
4517.6001
4518.4321
4518.5771
4520.2451
4523.4009
4523.9268
4525.1411
4525.1411
4525.8633
4526.5620
4527.7827
4528.6128
4528.7568
4528.8149
4531.1470
4531.5820
4531.6250
4531.6353
4533.1299
4533.9609
4536.4883
4537.6709
4538.7490
4538.9458
4539.6909
4540.6582
4541.3159
4541.9429
4542.4111
4542.6973
4546.6802
4547.0171
4547.8462
4549.4629
4551.6489
4553.4839
4554.4512
4555.7500
4556.0879
4556.1260

0.854
0.521
0.519
1.755
0.628
1.612
0.800
1.254
1.254
2.236
2.376
2.130
2.366
0.870
1.040
2.508
0.786
0.992
0.466
1.262
1.834
0.362
1.322
2.014
1.246
1.288
0.426
2.184
1.460
1.656
0.598
0.512
2.132
1.832
1.138
2.054
1.444
1.204
0.337
0.545
0.801

4785.9570
4786.8062
4787.8271
4789.6553
4790.7461
4791.2500
4793.9609
4794.3550
4795.1030
4798.2651
4798.7310
4799.4063
4799.7690
4800.1279
4800.6479
4802.8760
4802.8760
4802.8809
4802.8809
4804.5171
4804.5942
4807.7080
4808.1470
4809.1367
4809.9399
4813.1162
4815.2310
4816.6680
4817.7778
4820.9990
4823.2300
4824.1670
4826.5649
4832.7280
4834.5059
4835.8691
4837.9409
4838.0889
4838.5127
4839.5449
4839.7661

1.397
1.150
1.427
0.938
0.692
0.614
0.538
0.972
0.258
1.820
1.922
2.050
0.782
3.192
2.282
0.912
0.912
1.356
1.356
1.284
0.516
2.246
2.036
1.196
1.314
1.534
2.124
1.276
0.836
1.704
1.154
0.686
0.795
0.858
1.287
1.107
1.358
1.600
2.632
1.898
1.106

5041.8467
5044.2100
5048.1689
5048.4331
5049.8188
5051.2759
5051.6338
5052.9658
5054.6421
5055.9932
5056.8413
5057.4980
5058.0342
5058.4961
5060.0493
5060.0781
5064.5811
5064.9551
5065.0142
5065.1943
5067.1509
5068.7651
5069.4219
5072.0762
5072.6680
5074.7480
5075.1689
5076.2617
5078.9717
5079.2241
5079.7393
5083.3379
5084.5459
5094.9648
5096.4067
5096.9980
5098.5698
5098.6992
5099.0752
5100.9009
5102.6489

1.042
1.657
0.386
1.271
1.196
1.452
1.447
0.584
1.033
2.134
1.978
2.208
1.524
1.332
0.450
1.486
0.720
1.262
1.176
1.604
2.276
3.518
1.238
1.428
2.464
2.010
2.964
1.050
3.764
2.970
3.196
1.340
0.854
0.666
0.838
1.207
1.399
1.517
0.768
1.420
2.194

5393.1670
5397.1270
5397.1929
5397.6191
5398.2769
5400.5020
5400.6563
5401.2642
5403.8179
5404.1118
5404.1494
5405.3477
5405.7739
5406.3320
5406.7700
5407.3809
5407.4780
5409.1333
5410.9102
5417.1055
5421.8486
5423.7402
5424.0693
5428.6987
5429.4189
5429.5039
5429.6963
5429.8271
5432.9463
5436.2969
5437.0830
5445.0420
5446.5747
5446.8706
5446.9160
5448.2690
5452.0923
5455.4414
5455.6094
5461.5503
5462.9531

1.576
1.830
1.420
0.688
1.530
2.282
0.636
1.532
1.482
1.434
1.310
1.920
1.722
1.954
1.172
1.648
1.268
2.496
1.970
1.696
0.812
0.883
1.250
0.426
0.390
1.125
1.580
0.582
0.429
0.946
0.039
1.234
0.276
1.122
0.764
1.776
0.792
2.704
1.710
2.110
1.554
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A A

A A

A, A

A A

4556.9248
4560.0879
4560.2593
4564.8237
4565.3120
4565.3550
4565.6631
4566.5142
4566.9917
4568.7642
4568.8408
4571.4370
4572.8604
4573.3882
4574.2148
4574.7173
4575.7817
4576.5200
4579.8208
4580.4600
4580.5752
4581.5068
4581.5068
4582.9399
4583.7212
4584.7148
4586.9917
4587.1279
4587.7158
4592.6509
4594.9409
4595.2080
4595.3579
4596.0601
4596.4141
4597.0566
4598.1182
4598.3242
4598.7451
4600.9321
4601.3062

0.713
0.503
1.177
1.170
1.720
1.096
3.388
1.656
1.016
3.606
1.262
2.236
2.060
1.816
3.106
2.688
1.574
1.032
2.656
2.420
1.354
1.708
1.708
2.432
2.460
2.660
1.660
1.770
0.990
1.128
1.562
0.744
1.256
1.243
0.558
0.224
0.662
0.617
0.669
1.718
2.260

4840.3218
4840.8940
4842.7881
4843.1440
4843.3857
4844.0132
4844.0801
4845.6470
4845.6470
4845.6499
4845.6499
4847.7153
4848.2041
4848.8823
4849.6680
4851.8691
4854.8760
4855.6719
4858.2412
4859.1191
4859.7407
4860.9771
4862.5947
4867.5283
4868.3730
4869.4619
4870.0371
4871.3174
4871.9282
4872.1357
4873.7520
4875.8750
4876.1870
4877.6050
4878.2080
4880.5220
4881.7183
4881.7339
4882.1440
4885.4302
4886.1812

2.160
2.706
1.206
2.686
1.434
1.656
0.818
0.568
0.568
1.578
1.578
1.844
2.772
3.566
2.086
1.704
1.510
2.704
0.228
2.098
1.512
2.174
0.786
1.850
1.813
1.023
0.613
1.034
1.198
2.297
0.749
1.356
0.581
0.667
2.992
2.120
1.064
1.086
1.786
1.588
0.604

5104.0288
5104.4360
5107.4458
5107.6411
5109.6499
5110.3569
5110.4131
5113.2510
5115.7759
5121.6411
5125.1123
5125.8359
5126.1919
5127.3579
5127.6812
5129.6299
5131.4697
5131.4697
5136.0908
5139.2510
5139.4624
5141.7388
5142.4932
5142.5420
5142.9272
5143.7217
5145.0938
5145.7271
5148.0361
5148.2251
5150.1973
5150.8379
5151.9097
5154.1011
5164.1382
5164.5532
5164.6919
5164.9160
5165.4072
5166.2813
5167.4873

2.462
0.914
2.146
3.182
1.778
1.034
1.864
1.520
1.436
1.784
2.588
0.942
2.022
3.206
1.892
0.969
2.438
2.438
0.222
1.875
1.788
1.020
0.456
0.698
1.654
0.305
1.730
0.783
2.206
2.370
1.830
3.244
3.236
2.206
1.586
1.750
0.606
0.588
2.552
3.922
2.532

5464.2778
5466.9873
5466.9873
5472.7100
5473.1641
5473.9004
5476.2871
5476.5630
5478.4561
5480.8643
5481.2422
5481.4380
5482.2651
5483.0981
5487.1440
5487.4810
5487.7632
5487.7666
5492.0728
5493.3242
5493.4966
5494.4609
5497.5156
5501.4644
5505.7471
5505.8818
5506.7778
5512.2539
5512.3970
5513.3916
5521.1230
5521.2842
5522.4468
5524.2490
5529.1606
5532.7432
5532.8589
5534.6621
5535.4170
5535.4170
5536.5830

1.724
2.136
2.136
2.230
0.946
1.405
0.996
1.489
1.089
1.292
1.229
1.534
0.583
1.511
0.720
0.544
0.732
0.478
0.696
0.447
1.300
0.392
2.596
4.326
1.316
2.642
4.610
1.868
1.552
1.604
0.328
1.662
2.464
1.472
0.348
0.268
0.164
0.780
0.871
0.871
0.935
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A A

A, A

A A

A A

4601.3062
4602.0000
4602.9399
4603.3428
4603.9521
4604.8511
4605.0933
4605.9829
4607.6470
4607.6470
4611.1851
4611.2837
4611.2891
4611.2891
4611.3481
4613.2041
4614.2051
4618.7568
4619.2871
4625.0439
4625.0972
4627.5479
4630.1211
4630.7754
4632.8179
4632.9111
4633.0469
4633.7549
4635.5498
4635.6162
4635.8457
4637.5029
4638.0088
4643.4629
4647.4326
4649.8198
4653.3721
4653.4321
4653.4878
4654.4971
4654.6089

2.260
1.902
3.422
2.084
1.790
0.868
2.306
2.402
2.234
2.234
2.372
1.436
0.522
0.522
0.702
0.012
1.026
2.620
3.056
1.702
0.926
2.512
1.389
0.852
1.358
0.800
1.036
0.646
0.343
0.855
1.844
1.348
3.012
3.256
2.268
1.228
1.570
0.616
1.808
3.342
1.668

4886.3262
4887.1909
4887.3662
4888.6318
4889.0000
4889.1021
4890.7539
4891.4922
4893.6953
4896.4380
4903.3081
4905.1338
4905.2178
4907.7329
4908.0288
4909.3838
4910.0151
4910.3252
4910.5620
4911.7788
4912.4980
4915.8481
4917.2290
4918.9541
4918.9932
4920.5020
4924.7700
4925.2813
4927.4170
4930.3149
4932.9819
4933.2930
4933.3340
4934.0059
4934.0820
4937.2891
4938.1748
4938.8130
4939.2378
4939.2378
4939.6860

2.834
1.852
1.468
2.834
1.588
2.470
3.578
2.262
1.498
2.284
4.476
2.192
1.726
1.322
1.100
1.194
1.140
0.722
1.195
1.087
0.927
0.889
1.176
0.643
0.926
1.229
2.632
2.552
1.086
1.758
0.982
1.264
1.318
0.928
1.108
1.248
1.086
3.998
2.260
2.260
3.096

5167.7197
5168.8970
5169.2964
5171.5947
5171.6743
5172.2041
5175.7129
5177.2339
5184.1719
5184.2578
5184.2651
5187.9141
5191.4551
5192.3433
5194.9409
5195.4683
5196.0771
5198.7109
5202.2510
5202.3350
5204.5820
5206.8013
5207.9390
5208.5933
5209.8838
5213.8047
5215.1787
5216.2739
5217.3887
5217.9189
5221.4312
5222.3936
5223.1875
5224.3013
5225.5249
5226.8623
5226.8950
5227.1504
5227.1885
5229.8447
5229.8799

1.642
3.562
2.192
1.544
0.672
0.802
0.707
0.773
0.673
0.443
0.860
0.863
2.095
1.940
1.194
1.908
2.094
3.126
1.346
2.018
3.850
1.958
1.506
3.052
1.066
1.498
3.034
1.488
3.012
1.458
3.748
0.941
0.383
0.492
2.435
1.498
0.513
0.540
0.580
0.862
0.772

5539.2842
5543.1470
5543.9365
5546.9912
5549.5508
5551.7769
5553.2202
5553.5791
5555.1230
5557.9058
5557.9775
5560.2070
5562.1167
5562.7061
5563.5991
5563.6729
5563.6934
5565.7036
5567.2939
5567.3921
5568.0718
5568.8672
5569.6182
5572.8413
5573.1001
5581.9014
5583.9678
5584.2627
5584.7637
5585.6372
5586.7559
5587.5732
5592.2310
5594.6538
5600.2256
5600.2256
5602.7666
5602.9448
5608.9741
5615.2988
5615.6191

0.979
1.348
1.433
0.771
0.910
0.754
1.033
0.889
1.408
0.640
2.040
1.424
1.916
2.814
2.244
0.972
0.426
2.006
0.554
1.450
1.696
0.616
1.604
2.180
2.108
0.321
0.659
0.931
0.260
1.741
1.243
0.888
0.530
0.908
1.000
1.000
1.364
0.786
0.834
2.152
1.028
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A A

A, A

A A

A A

4654.6289
4657.5850
4658.2939
4661.9697
4663.1782
4664.7070
4667.4531
4668.0669
4668.1318
4669.1719
4672.8291
4673.1631
4673.2710
4674.6479
4678.8447
4680.2939
4680.4668
4682.5591
4683.5610
4685.0239
4687.3018
4687.3857
4690.1362
4690.3711
4690.3711
4691.4111
4700.1919
4700.4189
4701.0469
4701.0469
4702.9141
4705.4570
4707.2720
4707.4883
4708.9678
4709.0859
4710.2827
4712.1050
4714.0679
4714.1909
4716.8389

1.410
2.344
1.260
2.546
1.27
1.164
1.303
0.803
0.517
1.689
0.134
1.325
1.612
0.532
2.420
3.318
2.078
3.222
2.670
1.370
2.718
2.052
3.728
3.996
3.996
1.970
1.968
2.234
2.486
2.486
2.124
0.390
1.013
1.401
0.690
1.557
0.706
1.436
1.157
0.791
2.286

4942.4570
4942.5898
4945.6357
4946.3779
4946.3848
4949.6772
4950.1040
4952.6040
4952.6387
4957.2979
4957.5972
4957.6763
4961.9150
4965.7769
4966.0869
4967.2578
4967.8901
4968.3931
4969.9160
4970.4990
4970.6460
4973.1011
4977.0039
4977.6470
4978.1069
4978.6040
4978.6890
4979.5879
4980.2842
4980.5400
4982.5239
4983.2671
4983.8652
4985.2510
4985.5459
4986.2251
4986.9033
4991.2671
4991.7959
4994.1289
4995.4058

1.056
0.426
1.250
1.392
1.700
1.138
1.331
0.340
0.780
1.628
0.730
0.735
0.497
2.566
2.768
2.920
3.572
2.692
2.866
1.344
3.134
1.200
2.126
2.442
1.618
0.488
2.302
1.166
2.846
2.316
2.640
3.070
2.816
2.176
3.676
1.220
1.820
1.244
2.124
1.581
0.843

5232.9390
5235.3887
5236.2051
5236.3813
5240.3569
5241.9033
5242.4907
5243.7734
5245.6182
5247.0488
5249.1055
5250.2080
5250.6450
5253.4614
5254.9551
5255.6831
5255.7529
5257.6538
5259.0913
5262.6079
5262.8818
5263.3052
5263.3940
5263.8623
5265.9365
5266.5552
5269.5366
5270.3569
5273.1631
5273.3740
5273.6240
5274.9766
5277.3057
5277.3057
5280.2788
5280.3618
5281.7900
5283.6211
5284.4263
5284.6089
5288.5278

1.367
1.168
0.296
0.785
0.454
1.015
0.985
2.306
2.202
4.298
1.330
6.462
3.072
2.900
4.924
1.510
1.448
1.256
1.846
1.298
2.208
3.076
1.734
1.488
1.692
2.734
2.676
0.834
1.535
0.515
0.766
1.114
0.558
0.558
0.312
0.896
1.230
1.579
0.255
0.537
0.923

5615.6440
5618.6309
5619.2241
5620.4907
5624.5420
5635.8242
5636.6963
5637.1089
5638.2617
5641.4360
5643.9229
5649.6299
5650.7036
5652.0112
5652.3198
5655.4888
5655.4937
5655.4937
5658.5308
5658.6577
5658.8159
5659.6899
5660.8003
5661.3481
5662.5151
5662.9370
5665.6343
5667.6680
5677.6836
5679.0254
5686.1250
5698.0229
5698.3662
5701.5449
5702.3491
5705.4658
5707.0488
5709.3779
5711.8501
5712.1309
5715.0908

1.894
2.226
1.710
2.140
2.646
0.448
0.785
0.146
1.050
0.807
1.129
0.533
0.784
0.417
1.016
0.704
0.713
0.713
2.386
0.590
1.463
1.799
0.806
0.877
1.249
0.761
0.780
1.710
1.420
2.406
1.190
0.598
0.551
1.225
0.643
0.567
1.052
1.485
1.040
1.861
0.575
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A, A w A, A w A, A w A, A w
4719.1089 | 1.298 | 4999.1143 | 1.093 | 5293.9629 | 1.410 | 5715.1001 | 0.704
4720.9551 | 0.450 | 5001.8618 | 1.094 | 5294.5469 | 1.278 | 5717.8350 | 0.710
4720.9990 | 1.998 | 5002.5820 | 0.671 | 5298.7764 | 2.282 | 5721.7041 | 0.147
4726.1372 | 3.236 | 5002.7891 | 1.351 | 5300.4121 | 0.986 | 5721.7041 | 0.147
4727.0049 | 1.566 | 5004.2119 | 0.317 | 5302.2993 | 3.114 | 5731.7622 | 2.352
4727.3989 | 3.762 | 5004.3398 | 0.506 | 5307.3604 | 3.068 | 5732.8633 | 1.382
4728.5449 | 2.696 | 5005.7109 | 1.303 | 5308.7070 | 1.834
4729.0171 | 2.408 | 5006.1172 | 1.585 | 5312.4731 | 0.848
4729.6782 | 1.866 | 5007.2930 | 1.078 | 5317.5239 | 1.950
4731.6001 | 2.332 | 5007.7280 | 0.636 | 5320.0391 | 0.635
4733.5908 | 2.718 | 5012.0669 | 2.986 | 5321.1089 | 0.736
4734.0938 | 1.462 | 5012.1528 | 1.802 | 5322.0410 | 0.649
4735.8418 | 1.996 | 5012.4409 | 1.986 | 5323.5103 | 0.884
4736.7720 | 2.418 | 5014.9409 | 2.028 | 5324.1777 | 1.618
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